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Abstract
Fixed points for scalar theories in 4− ε, 6− ε and 3− ε dimensions are discussed.
It is shown how a large range of known fixed points for the four dimensional case can
be obtained by using a general framework with two couplings. The original maximal
symmetry, O(N), is broken to various subgroups, both discrete and continuous. A
similar discussion is applied to the six dimensional case. Perturbative applications
of the a-theorem are used to help classify potential fixed points. At lowest order in
the ε-expansion it is shown that at fixed points there is a lower bound for a which is
saturated at bifurcation points.
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1 Introduction
In seeking conformal field theories, whether through finding zeros of β-functions or applying
bootstrap consistency conditions, it is natural to impose as much symmetry as possible.
This then restricts the number of couplings and correspondingly non zero operator product
coefficients so that the number of channels to be considered in a bootstrap analysis is reduced.
In the cardinal exemplar of the success of the numerical bootstrap, the three dimensional
Ising model with two relevant fields σ, , there is a Z2 symmetry with σ Z2 odd.
The imposition of symmetries might introduce a selection bias in finding non trivial
CFTs. On the other hand the fixed points of non symmetric theories might have an
emergent symmetry. According to the notion of universality fixed points are determined
by the associated symmetry group. To an extent it is often tacitly assumed that fixed
points without a high degree of symmetry may be neglected. Nevertheless for any potential
classification of CFTs in three or more dimensions it is necessary to determine all possible
fixed points which may have smaller symmetry groups than have been hitherto considered.
Even with knowledge of the fixed points in quantum field theories in particular dimensions, an
important question is how they are linked under possible RG flows induced by perturbations
by adding relevant operators. Determining the spectrum of relevant operators is part of
the data defining a CFT or can be found by solving linear eigenvalue equations. What
happens under RG flow, and whether new fixed points are attained, is a non linear problem.
For slightly relevant perturbations it is possible to use conformal perturbation theory but
this becomes difficult beyond lowest order. In a perturbative context the ε expansion can
be taken to higher order by determining β-functions and anomalous dimensions in a time
honoured fashion. This may be applied, as originally suggested by Wilson and Fisher [1], in
4− ε dimensions but can also be used in 6− ε and 3− ε dimensions.
In two dimensions, at least for minimal models, there is a well understood framework of
CFTs which are linked by RG flows. In two dimensions conformal perturbation theory can be
used systematically, as originally proposed by Zamolodchikov [2] and extended subsequently
[3, 4, 5, 6, 7, 8]. A crucial organising principle is the c-theorem which requires that the
Virasoro central charge c for any unitary CFT at fixed points reached by RG flow arising
from a relevant perturbation has a lower value of c than the original unperturbed CFT.
Minimal models, with c < 1, then flow ultimately to the Ising model with c = 12 .
There is no such simple picture in three or other dimensions of current interest. Here we
attempt to discuss potential fixed points and RG flows using the ε-expansion with various
additional assumptions for simplicity. For determining critical exponents in many different
condensed matter systems with a wide range of symmetries there is a large literature from
the 1970’s and later. A review discussing large number such models which are applicable
to critical phenomena for condensed matter systems is [9]. The ε-expansion is a version
of conformal perturbation theory starting from free field theories and which allows an
extension beyond lowest order. An assumption made here is that it is qualitatively correct
in determining possible CFTs in three dimensions starting from 4− ε dimensions through
essentially one loop calculations. Of course in particular applications loop calculations to
three or more loops and sophisticated resummation methods may be used to obtain more
accurate results for critical exponents.
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Results in the ε-expansion depend critically on the number N of scalar fields. The
symmetry of the kinetic term is O(N ). In 4− ε dimensions there is a fixed point with O(N),
N = N symmetry. This is stable for N . 4. For N > 4 there are relevant perturbations
which lead to a variety of fixed points. Whether there are fixed points which cannot be
reached by simple RG flows from free fields is not yet clear. A related question is how many
couplings are necessary in order to find particular fixed points. For the Ising model it is
sufficient to consider just N = 1 and the φ4 perturbation with a single coupling. In 6− ε
dimensions if N = N + 1 an O(N) renormalisable theory is formed by fields forming an
N -vector and a singlet. There are then fixed points with O(N) symmetry if N is large
enough.
In ε-expansions the starting point is a potential of the form
V (φ; g) =
∑
I g
IPI(φ) , (1.1)
where {PI(φ)} are polynomials of degree 4, or 3 or 6, depending on the dimension. The
symmetry group Hg for V is determined by
V (gφ; g) = V (φ; g) for all g ∈ Hg ⊂ O(N) . (1.2)
For each polynomial PI(φ) there is a corresponding symmetry group HI defined as in (1.2).
For generic couplings Hg ⊇ H ' ∩HI , but Hg may be larger than H. Under RG flow the
symmetry is in general ∩Hg for all g, but the symmetry may be enhanced at particular
points in the space of couplings. It is also important to note that the larger symmetry
defined by
V (gφ; g) = V (φ; g g) , (g g)I = gJgJ
I , for all g ∈ Gg ⊂ O(N) , (1.3)
defines a physically equivalent theory if (g g)I 6= gI . At a fixed point with g = g∗ if Gg∗/Hg∗
is discrete then there are equivalent fixed points with identical critical exponents. If Gg∗/Hg∗
is continuous there are submanifolds of equivalent fixed points which contain apparently
exactly marginal operators. In general Gg ⊃ G where G ⊂ O(N) is the symmetry associated
to the set of polynomials {PI} such that for g ∈ G, PI(gφ) = gIJPJ(φ). Of course if {PI}
includes all
(
N+p
p
)
polynomials of degree p then G ' O(N), this is still true if {PI} forms a
representation space for a faithful irreducible representation of O(N).
Determining all possible polynomials invariant under subgroups of O(N), discrete or
continuous, is very non trivial task. For N = 2, 3 the results are simple but general results
for quartic polynomials when N = 4 [10, 11] or N = 6 are much more involved [12, 13, 14].
An important result due to Michel [15] in 4− ε dimensions is that stable fixed points are
unique (an essentially identical proof is described in [16]). This then implies at such a fixed
point Gg∗ ' Hg∗ . This does not hold if there is a submanifold of continuously connected
equivalent fixed points but otherwise provides constraints on the possible existence of stable
fixed points for particular breakings of O(N), or in 6− ε dimensions.
RG flow for multiple couplings, which is determined by solving
d
dt
gI = −βI(g) , (1.4)
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is potentially very non trivial but is constrained by the a-theorem in four dimensions and
its possible extensions in other cases. In a strong version of the a-theorem there exists a
function a(g) which decreases monotonically under RG flow until the flow reaches fixed
points gI = g∗I where the β-functions vanish. For a stable fixed point a(g) has a local
minimum and the stability matrix
[
MI
J
]
defined by
MI
J = ∂Iβ
J(g)
∣∣
g=g∗
, (1.5)
is positive definite. In four dimensions an a-function satisfying the requirements for a strong
a-theorem can be constructed directly from the one and two loop β-functions [17], the same
is true in six dimensions [18] and, as will be shown later, in three dimensions. In four [19]
and six [20] there are arguments that these results, expressing the β-functions as a gradient
flow, can be extended to arbitrary perturbative order. This imposes non trivial constraints
on the higher loop β-functions, even for purely scalar theories. Using minimal subtraction
the expressions for a(g) can be easily extended to 4 − ε and 6 − ε dimensions and so the
existence of an a-function is relevant for fixed points accessible through an ε-expansion.
There are however no comparable arguments for theories starting from three dimensions. In
four dimensions at a fixed point a, determined by the trace anomaly for a curved background
or the three point function for the energy momentum tensor on flat space, is necessarily
positive. However in a perturbative discussion in 4− ε dimensions the results for a(g) away
from fixed points are not necessarily bounded below. Under RG flow a(g) decreases but
it may be that no fixed point is attained and the assumption that the couplings are O(ε)
breaks down. In particular a(g) could become negative in situations where the potential
V (φ; g) is also unbounded below and there is no stable ground state. These conclusions hold
even more strongly in perturbative discussions in 6− ε dimensions, since cubic potentials of
course are never bounded below.
In our discussions in 6− ε and 4− ε dimensions we consider perturbative expressions for
a(g), neglecting the free field contributions which are irrelevant here and also allowing for
convenience an arbitrary overall normalisation. The most stable fixed point g∗ is then the
one at which a(g∗) is the least local minimum. In the framework of the ε-expansion we are
able to show that a(g∗) has a lower bound, of order ε2, ε3 in 6− ε, 4− ε dimensions. This
bound is attained when two fixed points collide and then disappear from the set of fixed
points for real couplings, so that there is a saddle-node bifurcation. If the initial couplings
are small but are such that a(g) is less than the bound then the RG flow cannot reach
perturbative fixed points calculable in the ε-expansion. The existence of a(g) nevertheless
avoids the possibility of more complicated bifurcations [21].
In this paper we discuss a range of fixed points present in scalar field theories when
the number of fields N > 1 and there are two or more couplings. For simplicity we first
consider in sections 2 and 3 the cases when N = 2 in 6− ε and 4− ε dimensions. For an
arbitrary renormalisable theory a complete analysis of potential fixed points is possible. In
the four dimensional case there is just the O(2) symmetric point and two decoupled Ising
fixed points. In both cases the couplings transform under O(2) and potential fixed points
are related to the different irreducible components.
For general N there are many more possibilities of finding fixed points where the initial
symmetry is broken by slightly relevant perturbations. In section 4 we consider perturbations
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of the O(N) symmetric theory in six dimensions. The unperturbed theory has a critical
point in 6− ε dimensions so long as N > Ncrit [22, 23]. With one additional coupling for a
relevant operator there is a breaking O(N)→ O(m)×O(n), m+n = N . There is then a new
fixed point corresponding to an O(m) invariant theory with n decoupled free fields so long
as m > Ncrit, or equivalently m ↔ n. We also consider breakings O(N) → O(m) × O(n),
mn = N involving additional fields which form symmetric traceless tensor under O(m).
In section 5 we analyse breakings of the O(N) symmetric theory in 4 − ε dimensions
due to perturbations formed by a symmetric traceless 4-tensor. At lowest order in the
ε-expansion this becomes relevant for N > 4. We consider a general framework in which the
RG flow may be restricted to a two dimensional space of couplings. In the simplest case to
three loops there are three coefficients a, b, c, but overall normalisation is arbitrary and there
are bounds which constrain the allowed values. This formalism covers a range of theories
considered in the literature, including ones with hypercubic and hypertetrahedral symmetry,
and also cases where there is an unbroken O(m) symmetry, N = nm. It is shown how the
a-function has a lower bound at fixed points which is attained at bifurcation points where
new fixed points emerge. The general formalism is shown to give identical results to three
loops with previous calculations for particular models.
We also discuss in section 6 scalar theories in 3−ε dimensions with a φ6 interaction using
results for β-functions for a general renormalisable potential at two and four loops. Such
theories have an O(N) invariant fixed point but, by determining the anomalous dimensions
of scalar operators with dimensions less than three, there is no apparent large N theory
valid for dimensions away from three (the O(N) theories in four and six dimensions at large
N can be related to an O(N) model for any d with an interaction σ φ2). The O(N) fixed
point is unstable against perturbations for any N and we consider the simple case leading
to a fixed point with hypercubic symmetry.
In section 7 we extend the framework of section 5 to multiple couplings corresponding to
several slightly relevant operators formed by symmetric traceless 4-tensors. The algebraic
conditions necessary for a closed RG flow are generalised to this case and it is shown how the
bound on the a-function remains valid to lowest order in ε and that this bound is realised at
the bifurcation point where there is an exactly marginal operator. An example with three
couplings, in which there are five inequivalent fixed points, is considered. A theory with
arbitrarily many couplings with a closed RG flow is also considered.
Various details are contained in five appendices. In appendix A we analyse the bifurcation
point for the O(N) symmetric theory in 6− ε dimensions. Appendix B describes a different
4− ε fixed point than the ones considered in section 5. In appendix C we obtain bounds on
the coefficients a, b which appear in the general discussion in 4− ε dimensions. The bounds
are saturated in the case of hypercubic symmetry. Appendix D considers perturbations of
the theory with hypertetrahedral symmetry. The analysis shows in general the presence of
relevant operators. Finally in appendix E we show how the perturbative expression for CT ,
the coefficient of the energy momentum tensor two point function, at the fixed point can be
constrained by large N results. This allows CT to be found for arbitrary theories in the ε
expansion in 4− ε dimensions to order ε3.
In general the different sections are more or less independent and may be read, if desired,
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separately. Detailed results for many cases have already appeared in the literature but are
here presented in a hopefully unified framework.
2 Two Flavour Scalar Theory in 6− ε Dimensions
A general two component φ3 theory is described by a potential
V (φ) = 16 λ1 φ1
3 + 16 λ2 φ2
3 + 12 g1 φ1 φ2
2 + 12 g2 φ1
2φ2 , (2.1)
depending on couplings GI = (λ1, λ2, g1, g2). Results for β-functions for such renormalisable
φ3 theories, with fields φi, in 6− ε dimensions are succinctly given in terms of βV (φ) where,
taking V → (4pi) 32V ,
βV (φ) = ε V (φ) + Vi(φ)
(− 12 ε δij + γij)φj + β¯V (φ) , Vi = ∂iV (2.2)
for γij the symmetric anomalous dimension matrix and β¯V corresponding to the contributions
of one particle irreducible graphs. Taking V (φ) = 16 λijkφiφjφk then βV (φ) =
1
6 βijkφiφjφk.
At one loop
β¯V
(1) = −16 VijVjkVki , γij(1)φiφj = 112 VijVij , (2.3)
and at two loops1
β¯V
(2) = − 18 VijVikVlmλjlnλkmn + 7144 VijVjk(λ2)klVli − 112 VilVjmVknλijkλlmn ,
γij
(2)φiφj =
1
18
(
VijVklλikmλjlm − 1124 Vij(λ2)jkVik
)
, (λ2)ij = λiklλjkl , λijk = Vijk . (2.4)
and also at three loops
β¯V
(3) = 16
(
− VijVklVmn
(
λikpλjmqλlnrλpqr +
1
24(23− 24 ζ3)λipqλkprλmqrλjln
)
− VijVkl
(
9
8 δikλjrpλlrq +
47
288 (λ
2)ikδjpδlq +
47
144 δik(λ
2)jpδlq +
3
16 λikpλjlq
)
λpsmλqsnVmn
+ VijVjkVkl
(
23
96 λimnλmprλnqrλlpq − 19108 λimpλlmq(λ2)pq + 11576 (λ2)im(λ2)ml
)
+ VijVikVmn
(
11
576 (λ
2)jm(λ
2)kn +
5
9 λjpqλkpn(λ
2)qm +
3
4 λjpqλkrnλqsmλprs
)
+ VijVklVmn
(
15
16 λjprλirmλkpsλlsn +
11
72 δjkλipmλlqn(λ
2)pq +
11
48 λikpλjln(λ
2)pm
)
+ VijVklVmn
(
(1− 3 ζ3)λjpqλkprλlnqλimr − 116(29− 24 ζ3) δjkλiprλlqsλpqmλrsn
))
,
γij
(3)φiφj =
1
108 VijVkl cijkl ,
cijkl =
71
16 λimnλjmpλnqkλpql +
7
8 λinpλjlmλknqλmpq − 10396 λikmλjln(λ2)mn
− 2λkmnλjlm(λ2)in − 12148 δjl λimnλpqkλmprλnqr + 23576 (λ2)ik(λ2)jl
− 13288 δjl (λ2)im(λ2)mk + 10372 δjl λimpλknp(λ2)mn + 92(74 − ζ3)λimnλjpqλmqkλnpl .
(2.5)
Including O(φ2) contributions in V (φ) then results for (2.2) immediately determine the
associated anomalous dimensions for such operators.
1These expressions can be obtained from results in [24, 23, 25, 18].
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For the two component theory determined by (2.1) the maximal symmetry is determined
by the transformations
φθ,1 = cos θ φ1 + sin θ φ2 , φθ,2 = − sin θ φ1 + cos θ φ2 . (2.6)
Then
Vθ(φ) = V (φθ) , (2.7)
with Vθ expressed in terms of transformed couplings
Gθ,I = RIJ(θ)GJ , (2.8)
where
[
RIJ(θ)
]
=

cos3 θ − sin3 θ 3 cos θ sin2 θ −3 cos2 θ sin θ
sin3 θ cos3 θ 3 cos2 θ sin θ 3 cos θ sin2 θ
cos θ sin2 θ − cos2 θ sin θ cos3 θ−2 cos θ sin2 θ − sin3 θ+2 cos2 θ sin θ
cos2 θ sin θ cos θ sin2 θ sin3 θ−2 cos2 θ sin θ cos3 θ−2 cos θ sin2 θ
 , (2.9)
defines an equivalent theory, related by a field redefinition. The SO(2) transformations of
the couplings given by (2.8) and (2.9) may be extended to O(2) by including reflections
generated by φ1 ↔ φ2 which give an equivalence under λ1 ↔ λ2, g1 ↔ g2.
The couplings may be decomposed in terms of real two-dimensional SO(2) irreducible
representations
v−3 =
(
λ1 − 3g1
λ2 − 3g2
)
, v1 =
(
λ1 + g1
λ2 + g2
)
, (2.10)
where under GI → Gθ,I
vn → Rn(θ)vn , Rn(θ) =
(
cosnθ − sinnθ
sinnθ cosnθ
)
. (2.11)
The four couplings can be reduced to three invariants
I1 = (λ1 − 3g1)2 + (λ2 − 3g2)2 , I2 = (λ1 + g1)2 + (λ2 + g2)2 ,
I3 + i I4 =
(
(λ1 + g1) + i(λ2 + g2)
)3(
(λ1 − 3g1) + i(λ2 − 3g2)
)
, (2.12)
where I3
2 + I4
2 = I1 I2
3. Clearly I4 is odd under λ1 ↔ λ2, g1 ↔ g2. The invariants determine
the couplings up to an SO(2) equivalence.
From (3.9) invariant subspaces under SO(2) are obtained by imposing either v1 or v−3
to be zero giving the conditions
a) λ1 = −g1 , λ2 = −g2 and b) λ1 = 3g1 , λ2 = 3g2 . (2.13)
Case a) corresponds to λijk in (2.1) being symmetric traceless and case b) to taking
λijk = 3 δ(ijvk) with vi = (g1, g2). With the restrictions in (2.13) the only invariants are I1
or I2 respectively. If λ2 = g2 = 0 and g1 = −λ1 then the O(2) symmetry is reduced to Z3;
in this case V (φ) = 112λ1
(
(φ1 + iφ2)
3 + (φ1 − iφ2)3
)
. If g1,θ = g2,θ = 0 for some θ, so that
the theory is equivalent to two decoupled theories, then it is necessary that I1 = I2, or
g1
2 + g2
2 = λ1g1 + λ2g2 . (2.14)
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The symmetric 2× 2 anomalous dimension matrix for this theory is γ(G) and transforms
as
γ(Gθ) = R1(θ)γ(G)R1(θ)
T . (2.15)
Hence tr γ, det γ, and the eigenvalues of γ, are scalars under the equivalence transformations
of the couplings and are functions of the invariants I1,2,3. For the β-function
βI(Gθ) = RIJ(θ)βJ(G) . (2.16)
This ensures that for a fixed point when βI(G∗) = 0 then also βI(G∗ θ) = 0.
For the theory defined by (2.1) the β-functions to one loop are given from (2.3):
βλ1
(1) = − 12 ε λ1 − λ13 − g13 − 3(λ1 + g1)g22
+ 14
(
λ1(λ1
2 + g1
2 + 2g2
2) + g2(λ1g2 + λ2g1 + 2g1g2)
)
,
βλ2
(1) = − 12 ε λ2 − λ23 − g23 − 3(λ2 + g2)g12
+ 14
(
λ2(λ2
2 + 2g1
2 + g2
2) + g1(λ1g2 + λ2g1 + 2g1g2)
)
,
βg1
(1) = − 12 ε g1 − (λ1 + g1)(g12 + g22)− g1(λ2 + g2)2
+ 112
(
g1(λ1
2 + 2λ2
2 + 5g1
2 + 4g2
2) + (λ2 + 2g2)(λ1g2 + λ2g1 + 2g1g2)
)
,
βg2
(1) = − 12 ε g2 − (λ2 + g2)(g12 + g22)− g2(λ1 + g1)2
+ 112
(
g2(2λ1
2 + λ2
2 + 4g1
2 + 5g2
2) + (λ1 + 2g1)(λ1g2 + λ2g1 + 2g1g2)
)
. (2.17)
The positive contributions in the second line of each expression arise from the 2×2 anomalous
dimension matrix which at lowest order is, from (2.3),
γ(1) =
1
12
(
λ1
2 + g1
2 + 2 g2
2 λ1g2 + λ2g1 + 2 g1g2
λ1g2 + λ2g1 + 2 g1g2 λ2
2 + 2 g1
2 + g2
2
)
. (2.18)
Finding zeros of the β-functions giving fixed points requires relations between the
couplings. Requiring that the couplings satisfy a) in (2.13) the perturbative expansion of
the β-function to all orders takes the form2
βI(G)
∣∣
g1=−λ1,g2=−λ2 = GI f
(
λ1
2 + λ2
2
)
(2.19)
with
f(x) = −12 ε+
∑
n≥1
bn x
n , b1 =
1
2 , b2 = −8336 , b3 = −106272592 − ζ(3) . (2.20)
The fixed point in this case then arises from the zeros of f(x)
x∗ = ε+ 8318 ε
2 +
(
21913
432 + 2 ζ3
)
ε3 + O(ε4) . (2.21)
Other fixed points require complex couplings and so are not considered here.
2For case b) SO(2) invariance restricts βI(G)
∣∣
λ1=3g1,λ2=3g2
= GI f1(g1
2 + g2
2) +G′I f2(g12 + g22) where
G′I = g1(g12 − 3g22)(1, 0,−1, 0) + g2(g22 − 3g12)(0, 1, 0,−1). The perturbative results to three loops give
f1(x) = − 12ε− 356 x− 6241108 x2 − ( 72877757776 + 10613 ζ3)x3 and f2(x) = −3− 76318 x− ( 9820451296 + 310ζ3)x2.
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Following from (2.15) the perturbative expansion the anomalous dimension matrix then
takes the form
γ(G)
∣∣
g1=−λ1,g2=−λ2 =
∑
n≥1
an (λ1
2 + λ2
2)n 1 , (2.22)
with
a1 =
1
6 , a2 = − 11108 , a3 = 55377776 − 13 ζ3 . (2.23)
To three loops
γ(G∗) =
(
1
6 ε+
2
3 ε
2 + 44354 ε
3 + O(ε4)
)
1 . (2.24)
As a consequence of (2.16) at a fixed point satisfying a) in (2.13) by considering the
derivative of (2.16) at θ = 0
HI ∂IβJ(G)
∣∣
G=G∗
= 0 , (2.25)
which gives in this case [
HI
]
=
(
λ2∗ −λ1∗ −λ2∗ λ1∗
)
. (2.26)
As a consequence det[∂IβJ(G)]
∣∣
G=G∗
= 0 so that the matrix [∂IβJ(G)]|G=G∗ has a zero
eigenvalue. At lowest order
[∂IβJ(G)
(1)]
∣∣
g1=−λ1,g2=−λ2 = −
1
2 ε1
−

2λ12+
9
4
λ22 − 14 λ1λ2 76 λ12+ 1112 λ22 14 λ1λ2
− 1
4
λ1λ2
9
4
λ12+2λ22
1
4
λ1λ2
11
12
λ12+
7
6
λ22
7
2
λ12+
11
4
λ22
3
4
λ1λ2 − 13 λ12+ 512 λ22 − 34 λ1λ2
3
4
λ1λ2
11
4
λ12+
7
2
λ22 − 34 λ1λ2 512 λ12− 13 λ22
 .
(2.27)
The eigenvectors at the fixed point are unchanged by higher order corrections to β although
the eigenvalues are modified. Scaling operators with definite scale dimension are determined
by the left eigenvectors of [∂IβJ(G)]|G=G∗ . There is always a zero mode given by (2.26).
The other three left eigenvectors and corresponding eigenvalues to three loops are given by(
λ1∗ λ2∗ −λ1∗ −λ2∗
)
, ε− 8318 ε2 −
(
38183
648 + 4ζ3
)
ε3 ,(
1 0 13 0
)
,
(
0 1 0 13
)
, −113 ε− 1589 ε2 −
(
17380
9 + 16ζ3
)
ε3 . (2.28)
There are two degenerate relevant operators.
An alternative reduction to that in (2.13) arises if we impose(
(λ1 + g1)− i(λ2 + g2)
)3
= C
(
(λ1 − 3g1) + i(λ2 − 3g2)
)
,(
(λ1 + g1)− i(λ2 + g2)
)2(
(λ1 − 3g1)− i(λ2 − 3g2)
)
= C ′
(
(λ1 + g1) + i(λ2 + g2)
)
, (2.29)
with C,C ′ real invariants such that I23 = C2I1 , I3 = C I1 = C ′ I2 , I4 = 0. Subject to
(2.29) (
βλ1 + βg1
βλ2 + βg2
)
= F
(
λ1 + g1
λ2 + g2
)
,
(
βλ1 − 3βg1
βλ2 − 3βg2
)
= F ′
(
λ1 − 3 g1
λ2 − 3 g2
)
, (2.30)
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with F, F ′ functions of invariants. To find fixed points it is then sufficient to require just
F = F ′ = 0 where F, F ′ depend on two independent variables. For a perturbative expansion
valid away from a fixed point it is necessary that C,C ′ are expressible as a series expansion
in the couplings. This can be achieved in (2.29) by requiring
λ1λ2 = g1g2 , λ1g1 = g2
2 , λ2g2 = g1
2 , C = C ′ = I1 = I2 . (2.31)
In this case F = F ′ and
βI(G) = GI F (I1) , γ(G) =
(
λ1 + g1
λ2 + g2
)(
λ1 + g1 λ2 + g2
)
G(I1) . (2.32)
As (2.31) implies (2.14) this corresponds to a decoupled free field theory combined with a
single field φ3 theory. Note that since det γ = 0 in this case there is always a zero anomalous
dimension. To three loops,
F (x) = − 12 ε− 34 x− 125144 x2 −
(
33085
20736 +
5
8ζ3
)
x3 ,
G(x) = 112 +
13
432 x+
(
5195
62208 − 124ζ3
)
x2 . (2.33)
Of course F (x) has no perturbative zeros for real couplings for ε > 0.
3 Two Flavour Scalar Theory in 4− ε Dimensions
The structure of fixed points can be fully analysed for just two scalars [26]. A general two
component φ4 theory is determined by the potential
V (φ) = 124 λijklφiφjφkφl =
1
24 λ1 φ1
4+ 124 λ2 φ2
4+ 14 λ0 φ1
2 φ2
2+ 16 g1 φ1
3 φ2+
1
6 g2 φ1φ2
3 , (3.1)
with couplings GI = (λ1, λ2, λ0, g1, g2). The transformations of the couplings GI → Gθ,I ,
generating equivalent theories as in (2.8), induced by (2.6), can be decomposed into a singlet
and two real two dimensional vectors. The transformations of the couplings may be reduced
to irreducible components as
I1 = λ1 + λ2 + 2λ0 , v4 =
(
1
4(λ1 + λ2 − 6λ0)
g1 − g2
)
, v2 =
(
1
2(λ1 − λ2)
g1 + g2
)
, (3.2)
with v2, v4 transforming as in (2.11). The invariants in this case in addition to I1 are then
I2 =
1
16(λ1 + λ2 − 6λ0)2 + (g1 − g2)2 ,
I3 =
1
4(λ1 − λ2)2 + (g1 + g2)2 ,
I4 + i I5 =
(
1
2(λ1 − λ2)− i(g1 + g2)
)2(1
4(λ1 + λ2 − 6λ0) + i(g1 − g2)
)
, (3.3)
where I4
2 + I5
2 = I2 I3
2. I5 is odd under λ1 ↔ λ2, g1 ↔ g2.
From (3.2) invariant subspaces are also given in this case by setting two of I1, v2, v4 to
zero or
λ1 = λ2 = −λ0 , g1 = −g2 , λ1 = −λ2 , λ0 = 0 , g1 = g2 , λ1 = λ2 = 3λ0 , g1 = g2 = 0 ,
(3.4)
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corresponding to λijkl being symmetric traceless, λijkl = δ(ij skl), skk = 0, s11 = −s22 =
λ1, s12 = 2g1, and λijkl = 3λ0 δ(ij δkl). For the last case V (φ) =
1
8λ0 (φ1
2 + φ2
2)2 describing
an O(2) invariant theory. Setting λ1 = λ2 = −λ0, g1 = g2 = 0 gives a Z4 invariant potential.
For a decoupled theory we require gθ,1 = gθ,2 = λθ,0 = 0 for some θ. This gives the constraint
I1
2 = 16 I2, I1I3 = 4 I4 or
2λ0
2 − (λ1 + λ2)λ0 + (g1 − g2)2 = 0 ,
(g1 + g2)
2(2λ0 − λ1 − λ2) + 2(λ1 − λ2)(g12 − g22)− λ0(λ1 − λ2)2 = 0 . (3.5)
For arbitrary quartic potentials V (φ) as in (3.1) the corresponding β-function can be
written as in (2.2), with now ε = 4− d, where to three loops from [27]
β¯V =
1
2 VijVij − 12 VijViklVjkl + 14 λijmn λklmnVikVjl − 316 λiklm λjklmVinVjn
+ λijkl
(
2VimVklnVlmn − 14 VmnVijmVkln
)
− 18 ViklVjklVimnVjmn + 12ζ3 VijkVilmVjlnVkmn ,
γij
(2) = 112 λiklmλjklm , γij
(3) = − 116 λiklmλjknpλlmnp . (3.6)
The lowest order contributions to the β-functions are then easily determined, taking now
GI → (4pi)2GI ,
βλ1
(1) = − ε λ1 + 3(λ12 + λ02 + 2 g12) ,
βλ2
(1) = − ε λ2 + 3(λ22 + λ02 + 2 g22) ,
βλ0
(1) = − ε λ0 + (λ1 + λ2)λ0 + 4λ02 + 2 g12 + 2 g22 + 2 g1g2 ,
βg1
(1) = − ε g1 + 3(2λ0g1 + λ0g2 + λ1g1) ,
βg2
(1) = − ε g2 + 3(λ0g1 + 2λ0g2 + λ2g2) . (3.7)
The anomalous dimension matrix is first non zero at two loops
γ(2) =
1
12
(
λ1
2 + 3λ0
2 + 3g1
2 + g2
2 3λ0(g1 + g2) + λ1g2 + λ2g1
3λ0(g1 + g2) + λ1g2 + λ2g1 λ2
2 + 3λ0
2 + g1
2 + 3g2
2
)
. (3.8)
Finding fixed points with multiple couplings is a non trivial exercise. Analysing first the
zeros for real couplings determined by the one loop β-functions imposes various constraints.
These constraints reduce the representation content of the couplings to a single invariant so
that higher order contributions to the β-functions are determined by a function of a single
variable. There are three cases
a) λ1 = λ2 , g1 = −g2 , 2 g12 = λ0(λ1 − λ0) , ⇒ βI(G) = GI fa(λ1 + λ0) ,
b) λ0
2 = λ1λ2 = g1g2 , g1
2 = λ1λ0 , g2
2 = λ2λ0 , λ0 g1 = λ1g2 , λ0 g2 = λ2g1 ,
⇒ (12(λ1 − λ2) + i(g1 + g2))2 = I1 (14(λ1 + λ2 − 6λ0) + i(g1 − g2)) ,
⇒ βI(G) = GI fb(λ1 + λ2 + 2λ0) ,
c) λ1 = λ2 = 3λ0 , g1 = g2 = 0 , ⇒ βI(G) = GI fc(λ0) . (3.9)
In case a) I2 =
1
16 I1
2, I3 = I4 = I5 = 0 while in case b) 4I2 = I3 =
1
4 I1
2, I4 =
1
16 I1
3, I5 = 0
and in case c) only I1 is non zero.
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From perturbative results to three loops the functions fa,b,c in (3.9) and their zeros as
an expansion in ε to O(ε3) are given by
fa(x) = fb(x) = − ε+ 3x− 173 x2 +
(
145
8 + 12ζ3
)
x3 ,
x∗ = 13 ε+
17
81 ε
2 +
(
709
17496 − 427ζ3
)
ε3 ,
fc(x) = − ε+ 10x− 60x2 +
(
617 + 384ζ3
)
x3 ,
x∗ = 110 ε+
3
50 ε
2 +
(
103
10000 − 24625ζ3
)
ε3 . (3.10)
The zeros determine fixed points. Case a) is equivalent to two decoupled Ising models,
within the ε-expansion, corresponding to taking λ0∗ = g1∗ = g2∗ = 0, λ1∗ = 13ε + O(ε
2)
and also to the theory obtained by taking λ0∗ = λ1∗, g1∗ = g2∗ = 0, λ1∗ = 16ε + O(ε
2).
Case b) is described by an Ising model and a free field theory, it is equivalent to taking
λ2∗ = λ0∗ = g1∗ = g2∗ = 0 when φ2 has no interaction. It is easy to check that these cases
satisfy (3.5). Case c) is the O(2) symmetric Heisenberg fixed point. Although the original
theory defined by (3.1) has in general just a reflection Z2 symmetry, the fixed points all
have at least a Z2 × Z2 reflection symmetry.
For case a) the left eigenvectors and eigenvalues of [∂IβJ(G)]|G=G∗ always include a zero
mode given by (−4g1∗ −4g1∗ 4g1∗ λ1∗ − 3λ0∗ −λ1∗ + 3λ0∗) , (3.11)
and to O(ε3) the results for the others are given by(
λ1∗ λ1∗ λ0∗ g1∗ −g1∗
)
,
(
λ1∗ − λ0∗ λ0∗ − λ1∗ 0 g1∗ g1∗
)
, ε− 1727 ε2 +
(
1603
2916 +
8
9ζ3
)
ε3,(−2λ0∗ 2λ0∗ 0 λ1∗ λ1∗), 154 ε2 + 1095832 ε3 ,(
λ0∗ λ0∗ 13(λ1∗ − 2λ0∗) −g1∗ g1∗
)
, −13 ε+ 1981 ε2 +
(
937
8748 − 827ζ3
)
ε3 . (3.12)
The eigenvectors lie within the invariant subspaces in (3.4). There is one slightly relevant
operator. For case b) the corresponding results are(−4g1∗ 4g2∗ 2(g1∗ − g2∗) λ1∗ − 3λ0∗ − λ2∗ + 3λ0∗), 0(−4g2∗ 4g1∗ −2(g1∗ − g2∗) −λ2∗ + 3λ0∗ λ1∗ − 3λ0∗), −ε+ 1108 ε2 + 10911664 ε3,(
λ1∗ λ2∗ λ0∗ g1∗ g2∗
)
, ε− 1727 ε2 +
(
1603
2916 +
8
9ζ3
)
ε3,(
λ2∗ λ1∗ λ0∗ −g2∗ −g1∗
)
, −ε,(
6λ0∗ 6λ0∗ λ1∗ + λ2∗ − 4λ0∗ −3(g1∗ − g2∗) 3(g1∗ − g2∗)
)
,
− 23 ε+ 19162 ε2 +
(
937
17496 − 427ζ3
)
ε3 . (3.13)
For the O(2) symmetric case c) the left eigenvectors and associated eigenvalues are(
1 1 −1 0 0), (0 0 0 1 −1), 15ε− 15 ε2 + ( 292500 + 192625ζ3)ε3,(
1 −1 0 0 0), (0 0 0 1 1), 45 ε− 12 ε2 + (17775000 + 408625ζ3) ε3 ,(
3 3 1 0 0
)
, ε− 35 ε2 +
(
257
500 +
96
125ζ3
)
ε3 . (3.14)
All perturbations then correspond to irrelevant operators.
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Assuming the constraints on the couplings in (3.9) we have to all orders
γ
∣∣
λ1=λ2,g1=−g2,2g12=λ0(λ1−λ0) = ga(λ1 + λ0)1 ,
γ
∣∣
λ2=λ1λ2=g1g2, g12=λ1λ0, g22=λ2λ0, λ0 g1=λ1g2, λ0 g2=λ2g1
= gb(λ1 + λ2 + 2λ0)
(
λ1+λ0 g1+g2
g1+g2 λ2+λ0
)
,
γ
∣∣
λ1=λ2=3λ0, g1=g2=0
= gc(λ0)1 , (3.15)
with
x gb(x) = ga(x) . (3.16)
To three loops
ga(x) =
1
12 x
2 − 116 x3 , gc(x) = x2 − 52 x3 (3.17)
It is easy to see, subject to the necessary conditions for case b), that det
(
λ1+λ0 g1+g2
g1+g2 λ2+λ0
)
= 0
so that the eigenvalues are λ1 + λ2 + 2λ0, 0. The non zero anomalous dimensions at the
fixed points to three loops are then
1
108
(
ε2 + 109108 ε
3
)
, 1100
(
ε2 + 1920 ε
3
)
, (3.18)
for the Ising model case and the O(2) theory respectively.
The constraints in (3.9) reduce the RG flow to one dimensional trajectories up to an
O(2) equivalence. Relaxing the restrictions such as imposing just v2 = 0 the RG flow is
restricted to a two dimensional surface since
βI(G) = GI a(λ1 + λ0, J) +G
0
I b(λ1 + λ0, J) , γ(G) = c(λ1 + λ0, J)1 ,
GI = (λ1, λ1, λ0, g1, −g1) , G0I = (3, 3, 1, 0, 0) , J = λ0(λ1 − λ0)− 2 g12 .
(3.19)
In terms of (3.9) fa(x) = a(x, 0), fc(x) = a(4x, 2x
2) + 2x b(4x, 2x2). From perturbation
theory to three loops
a(x, y) = − ε+ 3x− 13(17x2 + 2y) + 18 x
(
(145 + 96 ζ3)x
2 − 168 y) ,
b(x, y) = − y + 4x y − 18
(
(89 + 96 ζ3)x
2 + 38 y
)
y ,
c(x, y) = 112(x
2 − 2y)− 116 x(x2 − 3y) . (3.20)
Fixed points require a(x, y) = b(x, y) = 0 unless GI ∝ G0I requiring λ1 = 3λ0, g1 = 0 so
that λ1 + λ0 = 4λ0, J = 2λ0
2 and c(4x, 2x2) = x2 − 52 x3 corresponding to the O(2) invariant
theory. Perturbatively b(x, y) = 0 requires y = 0. On this surface the RG flow links the
fixed points corresponding to case a) and case c) in (3.9).
4 Scalar Theories with Reduced Symetry in 6− ε Dimen-
sions
For N scalars φi the kinetic term has O(N ) symmetry. However for a renormalisable theory
in 6− ε dimensions with a cubic potential there is of course no O(N ) invariant theory. For
12
N = N + 1 and decomposing φi = (σ, ϕi) there is an O(N) invariant theory with σ = φ0 a
singlet and ϕi transforming as a vector. As analysed in detail in [23] there is a fixed point
with O(N) symmetry in 6 − ε dimensions. Here we consider perturbations which break
the O(N) symmetry but maintain the reflection symmetry under ϕi → −ϕi based on the
potential with three couplings
V (φ) = 16 λijkφiφjφk =
1
2 g σ ϕiϕi +
1
2 hσ dijϕiϕj +
1
6λσ
3 , (4.1)
where dij = dji is assumed to satisfy, for a convenient choice of normalisation,
dii = 0 , dik dkj = δij + b dij . (4.2)
For h = 0 this is just the O(N) invariant theory. Theories in which the tensors dij are related
by O(N) transformations are equivalent. Invariance under reflections σ → −σ ensures that
(λ, g, h) ' (−λ,−g,−h) defining equivalent theories.
To lowest order the β-function in general is given by, after rescaling λijk → (4pi) 32λijk,
4βijk =
∂
∂λijk
A , A = −ε λijkλijk − λijkλilmλjlnλkmn + 14 λiklλjklλimnλjmn . (4.3)
Under RG flow to the IR A decreases. However since the lowest order result for A in (4.3) has
no global minimum, the couplings may become large under RG flow and the approximation
loses its validity. At any local minimum of A at which βijk = 0 with λ∗ijk = O(ε) [16]
A∗ = −12 ε λ∗ijkλ∗ijk = −6 ε tr(γ∗) , (4.4)
with γ∗ the lowest order contribution to the anomalous dimension at the critical point.
For the three coupling theory in (4.1) the general form (2.3) determines
βλ = − 12 ε λ− 34 λ3 −N
(
g3 − 14 (g2 + h2)λ+ 3 gh2 + b h3
)
,
βg = − 12 ε g + 112(N − 8) g3 − (g2 + h2)λ+ 112 λ2g + 112(N − 24) gh2 − 23 b h3 ,
βh = − 12 ε h+ 112(N − 24) g2h− 2 gλ h+ 112 λ2h− 2 b gh2 − b λh2 +
(
1
12(N − 8)− 23 b2
)
h3 ,
(4.5)
and also the anomalous dimensions for σ, ϕ become
γσ =
1
12
(
N(g2 + h2) + λ2
)
,
γϕ ij =
1
6(g
2 + h2) δij +
1
6(2 gh+ b h
2) dij . (4.6)
Of course for h = 0 these reduce to standard results for the O(N) symmetric theory.
For h = 0 the fixed points for were analysed by Fei et al [23]. In the ε expansion possible
fixed points are in general determined by the lowest order one loop contributions to the
β-functions, higher orders give an expansion in powers of ε for the positions of the fixed
points. At large N there are three inequivalent O(N) fixed points, obtained by the vanishing
of βλ, βh in (4.5), with non zero real (λ∗, g∗) ' (−λ∗,−g∗), given by, to first order in ε,
g∗2 ≈ 6
N
ε , λ∗2 ≈ 6
3
N
ε , g∗λ∗ > 0 , and g∗2 ≈ 5
N
ε , λ∗2 ≈ ε. (4.7)
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Defining x = λ/g and then writing the one loop β-functions as
βλ = − 12 ε λ+ g3fλ(x) , fλ(x) = −14(3x3 + 4N −N x) ,
βg = − 12 ε g + g3fg(x) , fg(x) = 112(N − 8− 12x+ x2) , (4.8)
the fixed point equations require
f(x) = xfg(x)− fλ(x) = 16
(
5x3 − 6x2 − (N + 4)x+ 6N) = 0 . (4.9)
For N > 0 this cubic equation has coincident roots, so that f(x) = f ′(x) = 0, at(
xcrit, Ncrit
)
= (8.7453, 1038.27) ,
(
x′crit, N ′crit
)
= (1.10339, 1.02145) . (4.10)
For N ′crit < N < Ncrit there is only one real solution of f(x) = 0 with x < 0 for any
N > 0. For N > Ncrit there are two roots for x > 0, which merge at x = xcrit when
(λ2, Ng2) = (0.4581, 6.218)ε, and one root with x < 0. For real couplings it is necessary that
at the fixed point f(x∗) = 0 then fg(x∗) > 0 or (x∗ − 6)2 > 44−N . For large N the roots
are 6, ±
√
N
5 which correspond to the three inequivalent fixed points given by (4.7). For
N = 1 f(x) has roots at x = ±1, 65 but there is just one inequivalent fixed point with real
couplings when λ∗ = −g∗ and λ∗2 = ε. The roots at x = 1, 65 correspond to the fixed points
which merge when N → N ′crit and give g2 < 0, and so both λ, g are imaginary. In contrast
to four dimensions, as a consequence of the reflection symmetry (λ, g) ∼ −(λ, g), the stable
fixed point is not unique.
A discussion of the ε, ε2 corrections to the bifurcation point in (4.10) is given in appendix
A.
The stability matrix in this case is
M =
(
∂λβλ ∂gβλ
∂λβg ∂gβg
) ∣∣∣∣
λ=λ∗,g=g∗,h=0
, (4.11)
and, with the β-functions given by (4.5) for h = 0.
detM = −ε g∗2f ′(x∗) , trM = ε− g∗2f ′(x∗) , x∗ = λ∗/g∗ .f(x∗) = 0 , (4.12)
This determines the eigenvalues of M to lowest order in ε
κ0 = ε , κ1 = −λ∗f ′(x∗) . (4.13)
For (λ∗, g∗) to be a stable fixed point the eigenvalues must be positive which requires
f ′(x∗) < 0. At the roots for large N f ′(x∗) ≈ −16 N, 13 N . When f ′(x∗) = 0 there is
a marginal operator. For any x∗ the corresponding g∗ is determined to this order by
g∗2 = 12 ε/fg(x∗).
From (4.3) for h = 0
A = −ε(3N g2 + λ2)− 2N g3(g + 2λ)− λ4 + 14(N g2 + λ2)2 , (4.14)
which satisfies
∂
∂g
A = 12N βg ,
∂
∂λ
A = 4βλ , (4.15)
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and at a fixed point
A∗ = −12(3Ng∗2 + λ∗2)ε , (4.16)
in accord with (4.4). This gives
A∗ = −3 3N + x
2
N − 8− 12x+ x2 ε
2
∣∣∣∣
f(x)=0
, (4.17)
and we may then obtain
A∗ ≥ A∗min = −3 3Ncrit + xcrit
2
Ncrit − 8− 12xcrit + xcrit2 ε
2 ≈ −9.557 ε2 . (4.18)
The minimum is attained when the fixed points merge. At the large N fixed points in (4.7)
A∗ ≈ −9 ε2 , −8 ε2 , (4.19)
with A∗ lower at the stable fixed point.
The h = 0 and N = 1 results here are related to the discussion in section 4 by taking
λ1 = λ, g1 = g and λ2 = g2 = 0. The fixed point obtained with λ∗ = −g∗ has a Z3 symmetry
as described there. For λ = g the condition (2.14) is satisfied and the theory becomes the
sum of two decoupled N = 0 theories, with λ1 = λ2 = λ/
√
2, g1 = g2 = 0.
However from (4.5) the large N fixed point is unstable for non zero h since
∂hβh
∣∣
g=g∗,λ=λ∗,h=0
= −43 g∗2 − g∗λ∗ < 0 if N > Ncrit , (4.20)
so that the coupling h corresponds to a relevant operator. To find fixed points which are
reached for non zero h we consider the linear transformation
g =
1
1 + α2
(g′ + α2 h′) , h =
α
1 + α2
(g′ − h′) , α2 − 1 = α b . (4.21)
and the β-functions become
βλ = − 12 ε λ− 34 λ3 −m
(
g′3 − 14 λ g′2
)− n(h′3 − 14 λh′2) ,
βg′ = − 12 ε g′ + 112(m− 8) g′3 − λ g′2 + 112
(
nh′2 + λ2
)
g′ ,
βh′ = − 12 ε h′ + 112
(
mg′2 + λ2
)
h′ − λh′2 + 112
(
n− 8)h′3 , (4.22)
for
m =
1
1 + α2
N , n =
α2
1 + α2
N . (4.23)
For h′ = 0 the β-functions are just those of the unperturbed O(m) theory, for m an integer,
and so have the same fixed points, while n fields become free. So long as mg′2 + λ2 > ε the
h′ coupling is irrelevant so under RG flow the couplings are attracted to the sub manifold
corresponding to h′ = 0. A similar reduction arises for g′ = 0 taking m↔ n. There are also
fixed points for g′, h′ non zero. For x = g′/λ, y = h′/λ the vanishing of the lowest order
β-functions in (4.22) requires
m(x3 − 16 x2) + n(y3 − 16 y2) = 23 x2 + x− 56 = 23 y2 + y − 56 , (4.24)
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with then, for any solution of (4.24), λ at the fixed point is given by
− 12 ε = λ∗2
(
m(x3 − 14 x2) + n(y3 − 14 y2) + 34
)
. (4.25)
Consistency of (4.24) requires x = y or x+ y = −32 . In the first case then from (4.21) h = 0
and g′ = h′ = g and the theory reduces to the unbroken O(N) theory and has the same
fixed points as in (4.7) for large N . For the second case if m n then we may take y ≈ −32
and mx2 ≈ 5(1 − 92 n). With n taking integer values this does not lead to real solutions.
The two cases coincide for x = y = −34 which requires N = 29 .
To determine the possible values of α which are given in terms of b in (4.21) it is
necessary to find the various solutions of (4.2). To this end we consider eigenvectors
satisfying dij vj = λ vi where there are two possible eigenvalues λ± = 12
(
b ± √b2 + 4).
Assuming r λ+ and N − r λ− the trace condition gives
r(N − r) b2 = (N − 2r)2 , r = 1, . . . , N − 1 , (4.26)
giving, for b = (N − 2r)/√r(N − r),
λ+ =
√
N − r
r
, λ− = −
√
r
N − r . (4.27)
Other solutions are obtained for r → N − r. The solutions for α are then
α = λ± ⇒ m = r, N − r . (4.28)
The relevant perturbations corresponding to the coupling h then break the symmetry
O(N)→ O(m)×O(n) with m+ n = N , depending on the solutions chosen for (4.2). The
RG flow leads to a non trivial CFT with O(m) or O(n) symmetry, assuming m or n are
large enough, while the remaining fields become free. Assuming (4.6) and (4.21) then
γσ =
1
12
(
mg′2 + nh′2 + λ2
)
,
γϕ ij =
1
6
(
g′2 δ+ ij + h′2 δ− ij
)
, (4.29)
for δ± projection operators given by
δ+ ij =
1
1 + α2
(
δij + αdij
)
, δ− ij =
1
1 + α2
(
α2 δij − αdij
)
. (4.30)
The eigenvalues of γϕ ij are
1
6 g
′2, 16 h
′2 according to whether the eigenvalue of dij is α,−1/α.
The results for the O(m)×O(n) theory can be extended to higher loops. Thus the two
loop β-functions are given by applying (2.4)
βλ
(2) = − 1144
(
125λ5 +mg′2
(
24 g′3 + 322λ g′2 + 60 g′λ2 − 31λ3)
+ nh′2
(
24h′3 + 322λh′2 + 60h′λ2 − 31λ3)) ,
βg′
(2) = − 1432 g′
(
(86m+ 536) g′4 − 12(11m− 30)g′3λ+ (11m+ 628)g′2λ2 + 24 g′λ3
− 13λ4 − nh′2(2h′2 + 48h′λ− 11λ2 + 20 g′2 − 108 g′h′ + 84 g′λ)) ,
βh′
(2) = − 1432 h′
(
(86n+ 536)h′4 − 12(11n− 30)h′3λ+ (11n+ 628)h′2λ2 + 24h′λ3 − 13λ4
−mg′2(2 g′2 + 48 g′λ− 11λ2 + 20h′2 − 108 g′h′ + 84h′λ)) , (4.31)
16
and for the two loop anomalous dimensions
γσ
(2) = 1432
(
mg′2(2g′2 − 11λ2 + 48λg′) + nh′2(2h′2 − 11λ2 + 48λh′) + 13λ4
)
,
γϕ ij
(2) = − 1432
(
g′2
(
(11m− 26)g′2 + 11nh′2 − 48 g′λ+ 11λ2) δ+ ij
+ h′2
(
11mg′2 + (11n− 26)h′2 − 48h′λ+ 11λ2) δ− ij) . (4.32)
4.1 O(m)× O(n) Theories in 6− ε Dimensions
By letting φi = (σ,Φar, ρab), a, b = 1, . . .m, r = 1, . . . n and where ρab = ρba, ρaa = 0
are 12(m − 1)(m + 2) additional scalars, the O(N) symmetric theory can be broken to
O(m)×O(n)/Z2, N = mn, by extending the potential to
V = 12 gσ σΦ
2 + 12 gρ ρabΦarΦbr +
1
6 λσ σ
3 + 16 λρ tr(ρ
3) + 12 λ˜ σ tr(ρ
2) . (4.33)
In general there are then five couplings. For m = 2 tr(ρ3) = 0 so that the λρ coupling is
irrelevant. By considering reflections of σ and ρ it is clear that there are equivalence relations
(gσ, gρ, λσ, λρ, λ˜) ' (−gσ, gρ,−λσ, λρ,−λ˜) ' (gσ,−gρ, λσ,−λρ, λ˜) . (4.34)
The restricted theory with gσ, λσ and λ˜ set to zero has been discussed in [28] and the general
theory in [29]. For this case there is a tractable large n limit valid for arbitrary d which
links perturbative results in six and four dimensions.
The potential (4.33) defines a renormalisable theory in d = 6 − ε dimensions and the
β-functions have the form
βgσ = β¯gσ + (−12 ε+ γσ + 2 γΦ)gσ , βgρ = β¯gρ + (−12 ε+ γρ + 2 γΦ)gρ ,
βλσ = β¯λσ +
(− 12 ε+ 3 γσ)λσ , βλρ = β¯λρ + (− 12 ε+ 3 γρ)λρ ,
βλ˜ = β¯λ˜ + (−12 ε+ γσ + 2 γρ)λ˜ , (4.35)
As a consequence of (4.34) the β-functions satisfy the identities
βgσ ,λσ ,λ˜(gσ, gρ, λσ, λρ, λ˜) = − βgσ ,λσ ,λ˜(−gσ, gρ,−λσ, λρ,−λ˜) ,
βgρ,λρ(gσ, gρ, λσ, λρ, λ˜) = βgρ,λρ(−gσ, gρ,−λσ, λρ,−λ˜) ,
βgσ ,λσ ,λ˜(gσ, gρ, λσ, λρ, λ˜) = βgσ ,λσ ,λ˜(gσ,−gρ, λσ,−λρ, λ˜) ,
βgρ,λρ(gσ, gρ, λσ, λρ, λ˜) = − βgρ,λρ(gσ,−gρ, λσ,−λρ, λ˜) . (4.36)
At one loop, using ∂i = (∂σ, ∂Φ,ar, ∂ρ,ab), where ∂ρ,ab ρcd =
1
2(δac δbd + δad δbc)− 1m δab δcd
and ∂i∂i = ∂σ
2 + ∂Φ,ar∂Φ,ar + ∂ρ,ab∂ρ,ab then from (2.2)
β¯gσ
(1) = − gσ3 − gσ2λσ − 12m(m− 1)(m+ 2)
(
gσ + λ˜
)
gρ
2
β¯gρ
(1) = − gσ2gρ − 2 gσgρ λ˜− 12m(m− 2) gρ3 − 14m(m− 2)(m+ 4)gρ2λρ
β¯λσ
(1) = −N gσ3 − λσ3 − 12(m− 1)(m+ 2)λ˜3 ,
β¯λρ
(1) = − n gρ3 − 18m(m2 + 4m− 24)λρ3 − 3λρ λ˜2 ,
β¯λ˜
(1) = − n gσ gρ2 − λσ λ˜2 − λ˜3 − 14m(m− 2)(m+ 4)λρ2λ˜ , (4.37)
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with anomalous dimensions
γΦ
(1) = 112
(
2 gσ
2 + 1m(m− 1)(m+ 2) gρ2
)
,
γσ
(1) = 112
(
N gσ
2 + λσ
2 + 12(m− 1)(m+ 2) λ˜2
)
,
γρ
(1) = 112
(
n gρ
2 + 14m(m− 2)(m+ 4)λρ2 + 2 λ˜2
)
. (4.38)
At two loops the results for the β-functions are rather non trivial but can be obtained from
(2.2)
β¯gσ
(2) = − 172(11N + 98) gσ5 + 136(7N − 38) gσ4λσ − 10172 gσ3λσ2 − 118 gσ2λσ3
+ 12(m− 1)(m+ 2)
(
7
72 gσ
3λ˜2 − 14 gσ2λ˜3 + 736 gσ2λσλ˜2
)
− 12m(m− 1)(m+ 2)
(
49
18 gσ
3 + 3718 gσ
2λ˜+ 59 gσ
2λ˜+ 32 gσλ˜λσ +
101
36 gσλ˜
2 + 14 λ˜
2λσ − 536 λ˜3
)
gρ
2
+ 1
144m2
(m− 1)(m+ 2)(2(7N −m2 − 10m+ 20) λ˜− (11N − 5m2 + 49m− 98) gσ)gρ4
− 1
16m2
(m− 1)(m− 2)(m+ 2)(m+ 4)(gσgρ3λρ + 3 gρ3λ˜λρ + 19 gρ2λ˜λρ2 − 736 gσgρ2λρ2) ,
β¯gρ
(2) =− 12 gσ3gρ λσ − 32 gσ2gρ λ˜λσ − 12 gσgρ λ˜2λσ + 772 gσ2gρ λσ2 + 736 gσgρ λ˜λσ2
− 12m(m− 2)(m+ 4)
(
5
18 gσ
2gρ
2λρ +
9
4 gσgρ
2 λ˜λρ +
13
72 gρ
2 λ˜2λρ +
11
72 gσgρ λ˜λρ
2
)
+ 1
288m2
(m− 2)(m+ 4)((14N + 7m2 − 38m+ 76)gρ4λρ − 12(18m2 + 101m− 418)gρ3λρ2
+ 14(5m
2 − 8m+ 104)gρ2λρ3
)
− 1
144m2
(
N(m− 2)(9m+ 29) + 22m3 + 149m2 − 196m+ 196)gρ5
− 136m(18N + 2m2 + 49m− 98)gσ2gρ3 + 772(N − 14) gσ4gρ
+ 136m(7N − 11m2 − 47m+ 94)gσgρ3 λ˜+ 136(7N − 40) gσ3gρ λ˜
− 172m(18m2 + 47m− 94) gρ3 λ˜2 + 1144(7m2 + 7m− 446) gσ2gρ λ˜2
+ 172(7m
2 + 7m− 22) gσgρ λ˜3 ,
β¯λσ
(2) = − 16N gσ5 − 94N gσ4λσ − 34N gσ3λσ2 + 724N gσ2λσ3 − 2324 λσ5
− n 12(m− 1)(m+ 2)
(
1
6 gσ
3gρ
2 + 94 gσ
2gρ
2λ˜+ 34 gσgρ
2λ˜2 − 724 gρ2λ˜3
)
− 12(m− 1)(m+ 2)
(
1
6 λ˜
5 + 94 λ˜
4λσ +
3
4 λ˜
3λσ
2 − 724 λ˜2λσ3
)
− 23192m(m− 1)(m− 2)(m+ 2)(m+ 4) λ˜3λρ2 ,
β¯λρ
(2) = − n(16 gρ3gσ2 + 92 gρ3gσλ˜+ 34 gρ3λ˜2 + 32 gρ2gσλ˜λρ − 712 gρ2λ˜2λρ)
+ 724N gσ
2λ˜2λρ − 52 λ˜3λρλσ + 724 λ˜2λρλσ2
+ n
(
1
24m(7m
2 − 2m+ 4) gρ5 − 316m(m2 + 6m− 24) gρ4λρ
− 332m(m2 + 4m− 24) gρ3λρ2 + 7192m(m2 + 4m− 24) gρ2λρ3
)
+ 148(7m
2 + 7m− 282) λ˜4λρ − 196m(87m2 + 304m− 1736) λ˜2λρ3
− 1
384m2
(m4 + 33m3 − 108m2 − 1160m+ 3840)λρ5 ,
β¯λ˜
(2) = 172N
(− 18 gσ3λ˜2 + 7 gσ2λ˜3 + 14 gσ2λ˜2λσ)
+ n
(− 16 gσ3 − 3 gσ2λ˜− 34 gσλ˜2 + 736 λ˜3 − 34 gσ2λσ − 12 gσλ˜λσ + 772 λ˜2λσ)gρ2
+ n 1m
(
1
12(2m
2 −m+ 2) gσ − 18(m2 + 3m− 6) λ˜
)
gρ
4
− 1144(11m2 + 11m+ 174) λ˜5 + 172(7m2 + 7m− 90) λ˜4λσ − 10172 λ˜3λσ2 − 118 λ˜2λσ3
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− n 18m(m− 2)(m+ 4)
(
3 gρ
3gσλρ + gρ
3λ˜λρ +
1
2 gρ
2gσλρ
2 − 712 gρ2λ˜λρ2
)
− 172m(m− 2)(m+ 4)
(
67 λ˜3λρ
2 + 834 λ˜
2λρ
2λσ
)
− 1
384m2
(m− 2)(m+ 4)(11m2 + 46m− 280) λ˜λρ4 . (4.39)
For the anomalous dimensions
γΦ
(2) = − 1432(11N − 26) gσ4 + 19 gσ3λσ − 11432 gσ2λσ2
+ 1864m(m− 1)(m+ 2)
(− 11mgσ2λ˜2 + 52 gρ2gσ2 − 22 gρ2λ˜2 + 144 gρ2gσλ˜)
+ 1
3456m2
(m− 1)(m− 2)(m+ 2)(m+ 4)(48 gρ3λρ − 11 gρ2λρ2)
− 1
864m2
(m− 1)(m+ 2)(11(N +m2)− 13(m− 2)) gρ4 ,
γσ
(2) = 19
(
N( 124 gσ
4 + gσ
3λσ − 1148 gσ2λσ2) + 1348 λσ4
)
+ 118(m− 1)(m+ 2)
(
n( 124 gσ
2gρ
2 + gσgρ
2λ˜− 1148 gρ2λ˜2) + 124 λ˜4 + λ˜3λσ − 1148 λ˜2λσ2
)
+ 133456m(m− 1)(m− 2)(m+ 2)(m+ 4) λ˜2λρ2 ,
γρ
(2) = 1432 n
(
2 gσ
2gρ
2 + 96 gρ
2gσλ˜− 11 gρ2λ˜2 − 11mgσ2λ˜2
)
+ 19 λ˜
3λσ − 11432 λ˜2λσ2
− 1432m(11m2 −m+ 2)n gρ4 − 1864(11m2 + 11m− 74) λ˜4
+ 11728m(m− 2)(m+ 4)
(
n(48 gρ
3λρ − 11 gρ2λρ2) + 87 λ˜2λρ2
)
+ 1
6912m2
(m− 2)(m+ 4)(m2 + 26m− 200)λρ4 . (4.40)
The corresponding three-loop results, obtained using (2.5), for the anomalous dimensions
and β-functions of the theory defined by (4.33) are included in an ancillary file.
When m < 4 there are fixed points with just λρ non zero
λρ∗2 =
8m
(m+ 10)(4−m) ε ,
(
∂λρβλρ ∂λρβgρ
∂gρβλρ ∂gρβgρ
)
=
(
ε 0
0 m
2+5m−32
6(m+10)(4−m) ε
)
. (4.41)
This example was considered in [30], the fixed point is stable for m > 3.68.
Fixed points determined by vanishing of the β-functions for the couplings gσ, gρ, λσ, λρ, λ˜
belong to equivalence classes as a consequence of (4.36). For large n, to leading order in
1/n, there are three inequivalent fixed points similar to those in the O(N) model where the
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non zero couplings are O(n−
1
2 ). To O(ε2) these are given by
H) gρ∗ = λρ∗ = λ˜∗ = 0 , gσ∗2 =
6
N
ε
(
1 + 44N − 1553N ε
)
, λσ∗2 =
216
N
ε
(
1 + 324N − 215N ε
)
,
−) gσ∗ = λσ∗ = λ˜∗ = 0 ,
gρ∗2 =
6
n
ε
(
1 + 1N (7m
2 + 22m− 80)− 16N (50m2 + 155m− 598) ε
)
,
λρ∗2 =
216
n
ε
(
1 + 27N (m− 4)(m+ 10)− 12N (50m2 + 215m− 1726) ε
)
,
+) gσ∗2 =
6
N
ε
(
1 +
1
n
(m+ 1)
(
22− 1556 ε
))
, λσ∗2 =
216
N
ε
(
1 + 1n (m+ 1)
(
162− 2152 ε
))
,
λ˜∗2 =
216
N
ε
(
1 + 1n
(
18(4m+ 9)− 52 (21m+ 43) ε
))
,
gρ∗2 =
6
n
ε
(
1 +
1
n
(
7m+ 22− 56 (10m+ 31) ε
))
,
λρ∗2 =
216
n
ε
(
1 + 1n
(
27(m+ 6)− 52 (10m+ 43) ε
))
. (4.42)
The eigenvalues of the stability matrix to first order in ε at large n are then
H)
(
1, 1− 420N , 40N , −12 ,−12 − 4N
)
ε ,
−) (1, 1− 30N (m2 + 7m− 15), 12 − 2N (10m2 + 25m− 122), −12 , −12 − 20N (m− 1)(m+ 2))ε ,
+)
(
1, 1 + 40n (m+ 1), 1 +
10
N x1, 1 +
10
N x2, 1 +
10
N x3
)
ε ,
f(xi) = 0 , f(x) = x
3 − 3m(m− 6)x2 − 9m2(2m2 + 17m+ 99)x− 54m3(m2 − 55m− 2) .
(4.43)
Clearly the last fixed point is stable and there are in general three real roots, for large m,
x1 ≈ −3m2, x2 ≈ −3m, x3 ≈ 6m2. The corresponding leading non zero contributions to
the anomalous dimensions for each case are given by, to order 1/n and O(ε3) from three
loops, using (2.5),
γΦH,+,− = kH,+,− 1n
(
ε− 1112 ε2 − 13144 ε3
)
, (4.44)
where
kH =
1
m , k− =
1
2m(m− 1)(m+ 2) , k+ = 12(m+ 1) . (4.45)
The anomalous dimensions for σ, ρ in the same limit are
H) γσH =
1
2 ε+ kH
8
n
(
5 ε− 133 ε2 − 1136 ε3
)
,
−) γρ− = 12 ε− γΦ− + 1N (m− 2)
(
3(3m+ 13)ε− 14(33m+ 139)ε2 − 116(5m+ 31)ε3
)
,
+) γσ+ =
1
2 ε+ k+
8
n
(
5 ε− 133 ε2 − 1136 ε3
)
,
γρ+ =
1
2 ε− γΦ + + 1n
(
3(3m+ 7) ε− 14(33m+ 73) ε2 − 116(5m+ 21) ε3
)
. (4.46)
These results are in accord with large n expansions [31, 32, 33]. The operators σ, ρ have
canonical dimension 12(d − 2) and the 12 ε terms in (4.46) ensure that they have leading
dimension 2 at large n.
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5 Scalar Theories with Reduced Symmetry in 4− ε Dimen-
sions
For N -flavour scalar theories in 4− ε dimensions the fixed point structure even with just two
essential couplings can be rather non trivial. Many such theories with different symmetry
groups have been discussed in the literature [34]. A large class can be encompassed by
considering a quartic potential with two couplings of the form
V (φ) = 124 λijkl φiφjφkφl =
1
8 λ (φ
2)2 + 124 g dijklφiφjφkφl , (5.1)
where dijkl is symmetric and traceless on any pair of indices and is assumed to be the
unique tensor invariant under some subgroup H ⊂ O(N) (in general there are, for arbitrary
N , 124(N − 1)N(N + 1)(N + 6) such symmetric traceless tensors). For g = 0 this reduces
to the usual O(N) symmetric theory and the extra term breaks O(N) to the subgroup
H. To first order in g (5.1) describes a perturbation of the O(N) symmetric theory by
an approximately marginal harmonic operator [35]. In general there are bounds such that
−δ− (φ2)2 ≤ dijklφiφjφkφl ≤ δ+(φ2)2, δ± > 0 for N ≥ 2, which lead to constraints on λ, g
to ensure the potential is bounded below. For λ positive then for g > 0 stability requires
3λ/g > δ− while for g < 0, −3λ/g > δ+.
A general quartic potential would contain a term 14 φ
2dijφ
iφj , with dij symmetric and
traceless, in addition to (5.1). For cases considered here the only quadratic in φ invariant
under H is φ2 and so such terms can be dropped. The restriction to (5.1) does not exclude
any fixed points relevant for condensed matter systems considered in the literature but an
example in which the perturbation is extended by a further coupling and where the RG flow
realises new IR fixed points is described in appendix B.
To two loop order it is sufficient to ensure the RG flow is restricted to the two dimensional
space parameterised by λ, g to impose
dijmn dklmn =
1
N−1 a
(
1
2N(δikδjl + δilδjk)− δijδkl
)
+ b dijkl . (5.2)
Tensors dijkl related by O(N) transformations define equivalent theories, manifestly H
always contains Z2 induced by φi → −φi for all i. For any non zero dijkl, a > 0 and we may
choose b > 0 by changing the sign of dijkl if necessary, the value of b
2/a is independent of the
choice of normalisation. As a consequence of (5.2) diklmdjklm =
1
2(N + 2)a δij , as expected
if the only H invariant quadratic in φ is φ2. There is then only one strongly relevant Z2
invariant operator which needs to be tuned to zero to attain an IR fixed point under RG
flow. For (5.2) the subgroup H is discrete. More general possibilities than (5.2) allowing
continuous H and also more than one such tensor are considered later.
For N = 2 (5.2) requires b = 0, which can be seen by taking d1111 = d2222 = −d1122 =
1, d1112 = −d1222 = d, so that dijklφiφjφkφl = 12(1− id)(φ1 + iφ2)4 + 12(1 + id)(φ1 − iφ2)4,
and then (5.2) requires a = 2(d2 + 1) as well as b = 0.3 For N > 2 there is an inequality
obtained in appendix C
a ≥ 2 N − 1
(N − 2)2 b
2 . (5.3)
3The results reduce to the two flavour theory in section 5 with λ1 = λ2 = 3λ+g, λ0 = λ−g, g1 = −g2 = d g.
In terms of (3.9) case a) corresponds to taking g2 = (d2 + 1)g2 and the O(2) theory of course requires g = 0.
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For N = 3 the inequality is saturated so that a = 4 b2. Possible solutions for a, b are further
constrained by considering the eigenvalue problem
dijkl vkl = µ vij , vij = vji , vii = 0 ⇒ µ2 − b µ− NN−1 a = 0 , (5.4)
from (5.2). For the two solutions µ± with corresponding degeneracies d± then we must have
d+ µ+ + d− µ− = 0 , d+ + d− = 12(N − 1)(N + 2) . (5.5)
The traceless condition then leads, as in the discussion in section 4, to
1 +
4N
N − 1
a
b2
=
( 1
2(N − 1)(N + 2)
1
2(N − 1)(N + 2)− 2 d+
)2
≥ (N + 2)
2
(N − 2)2 , (5.6)
using the inequality (5.3). This requires d± are restricted to the finite range
N − 1 ≤ d± ≤ 12N(N − 1) . (5.7)
The spaces of dimension d± must form representations of H. Tensors dijkl are equivalent
under d+ ↔ d−. Thus for N = 3 there is just one case when d± = 2, d∓ = 3, for N = 4
there are two possibilities d± = 3, d∓ = 6 and d± = 4, d∓ = 5.
For the general scalar theory the lowest order β-function is determined, after rescaling
λijkl → (4pi)2λijkl, by the gradient flow equation [17]
βijkl =
∂
∂λijkl
A , A = −12 ε λijklλijkl + λijklλklmnλmnij , (5.8)
and at any fixed point at this order [16]
A∗ = −16 ε λ∗ijklλ∗ijkl = −2 ε tr(γ∗) , (5.9)
with γ∗ the lowest order φ anomalous dimension matrix at the fixed point as given in (3.6).
For positive λijkl A is bounded below so that A has at least one non zero perturbative
minimum in the ε expansion so long as the RG flow does not destabilise the vacuum.
With the constraint (5.2) the lowest order β-functions become
βλ = − ε λ+ (N + 8)λ2 + a g2 ,
βg = − ε g + 12λ g + 3 b g2 . (5.10)
The associated a-function is given by specialising (5.8)
A = N(N + 2)
(− 32 ε λ2 − 14 ε a g2 + (N + 8)λ3 + 3 a λg2 + 12 a b g3) , (5.11)
so that, with the β-functions in (5.10),
∂
∂λ
A = 3N(N + 2)βλ ,
∂
∂g
A = 12N(N + 2) a βg . (5.12)
22
To lowest order in the O(N) invariant theory, obtained when g = 0, the Heisenberg fixed
point is given by
λ∗H =
1
N + 8
ε , A∗H = −N(N + 2)
2(N + 8)2
ε3 =
(N − 4)2
48(N + 8)2
ε3 − 148 N ε3 . (5.13)
For theories described by the lowest order β-functions in (5.10) there are potentially,
besides the trivial Gaussian fixed point and the O(N) symmetric fixed point with g = 0,
two additional fixed points. To analyse these fixed points it is convenient to write in (5.10)
βλ = −ε λ+ λ2fλ(x), βg = −ε g + λ2fg(x) for x = g/λ and fλ(x) = N + 8 + a x2, fg(x) =
12x+ 3 b x2. Then the fixed point condition requires
f(x) = 0 for f(x) = xfλ(x)− fg(x) = x(a x2 − 3b x+N − 4) . (5.14)
The cubic polynomial f(x) has simultaneous roots for N = 4 or b2/a = 49(N − 4). The
solution x = 0 of course corresponds to the O(N) symmetric theory with g = 0. For g = 0
λ∗ = ε/(N + 8) but if N > 4 g is the coupling to a relevant operator. So long as
F (N) = 16− 4N + 9 b2/a > 0 , (5.15)
(the bound (5.3) gives F (N) < (N+2)
2
2(N−1)) there are two extra real fixed points determined by
the roots
√
a x± = X± , X± = 12
(
3 b/
√
a±F (N) 12 ) = 12((4(N −4)+F (N)) 12 ±F (N) 12) . (5.16)
To leading order in ε the additional fixed points are given by
λ∗± =
1
N + 8 +X±2
ε ,
√
a g∗± =
X±
N + 8 +X±2
ε , (5.17)
For the stability matrix
M =
(
∂λβλ ∂gβλ
∂λβg ∂gβg
) ∣∣∣∣
λ=λ∗,g=g∗
, (5.18)
then for either x∗ = x± or x∗ = 0
detM = −ε λ∗f ′(x∗) , trM = ε− λ∗f ′(x∗) , x∗ = g∗/λ∗ , f(x∗) = 0 . (5.19)
At a fixed point λ∗ = ε/fλ(x∗). From (5.19) the eigenvalues of M to first order in ε are just
κ0 = ε , κ1 = −λ∗f ′(x∗) . (5.20)
just as in (5.20). In consequence the fixed point is stable if f ′(x∗) < 0. Since a > 0
there is one possible root x∗ of the cubic f(x) with negative f ′(x∗) and two which are
positive. For N < 4 the O(N) symmetric root at x = 0, giving λ∗ = ε/(N + 8), g∗ = 0, has
f ′(0) = N − 4 < 0 and so is stable. The other roots corresponding to non zero g∗ are then
unstable. Otherwise f ′(0) > 0 and f ′(x±) ≷ 0, assuming b > 0. The perturbation is then
always relevant when N > 4 and leads to an RG flow along which the O(N) symmetry is
broken.
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Applying (5.17) in (5.11) gives
A∗± = −12N(N + 2)
1 + 16 X±
2
(N + 8 +X±2)2
ε3 ≥ − 148 N ε3 . (5.21)
The bound arises when
X±2 = N − 4 ⇒ F (N) = 0 . (5.22)
The bound is attained at the Heisenberg fixed point (5.13) when N = 4. In general F (N)
vanishes when the fixed points merge, for small F
A∗± = − 148 N
(
1− N−4
4(N+2)2
F (N)∓ 3
√
N−4
2(N+2)3
F (N)
3
2 + O
(
F (N)2
))
ε3 , (5.23)
so that for N > 4 the least A∗, and a stable fixed point, is expected to be achieved for the
smallest F (N) and for the fixed point correspond to X−, as observed above. In general for
N > 4, A∗,H > A∗±.
The condition F (N) = 0 or
a
b2
=
9
4(N − 4) , (5.24)
determines a bifurcation point at lowest order. The eigenvalue equation (5.4) becomes
(µ/b − 12)2 = (N+2)
2
4(N−1)(N−4) . In order to satisfy (5.5) for integer d± it is necessary that the
solutions µ±/b be rational. This requires
(N−1)(N−4) = k2 ⇒ (2N−5−2k)(2N−5+2k) = 9 ⇒ k = 2, N = 5 , or k = 0, N = 1, 4 .
(5.25)
The solution N = 1 is spurious since the couplings are not then independent but N = 4, 5
are realised in particular examples as shown later.
At two loops
βλ
(2) = − 3(3N + 14)λ3 − 16(5N + 82) a λg2 − 2 ab g3 ,
βg
(2) = − (5N + 82)λ2g + 16(N−1)(N2 − 17N + 34) a g3 − 6 b(6λg2 + b g3) , (5.26)
and the anomalous dimension matrix is γ 1 with
γ(2) = 14(N + 2)
(
λ2 + 16 a g
2
)
, (5.27)
and from (5.11) to lowest order in ε
A∗ = A
∣∣
βλ=βg=0
= −2N γ∗(2)ε . (5.28)
At the Heisenberg fixed point given by (5.13)
γH =
N + 2
4(N + 8)2
ε2 . (5.29)
At three loops results further conditions are necessary to restrict the RG flow to two
couplings. In addition to (5.2) we require
dijkp dilmq dljnr dnmks =
1
4 A
(
δpqδrs + δprδqs + δpsδqr
)
+ c dpqrs ,
A = 1
N − 1 a
(
(N − 2)a+ 2(N − 1) b2) , (5.30)
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where c2/a3, or c/b3, does not depend on the arbitrary normalisation of dijkl. This gives for
the three loop β-functions
βλ
(3) = 18(33N
2 + 922N + 2960)λ4 + 12(5N + 22)ζ3 λ
4
+ 116(N
2 + 500N + 3492) a λ2g2 + 12(N + 14)ζ3 a λ
2g2
+ 18(27N + 470) a b λg
3 + 48ζ3 a b λg
3
− 116(N−1)(7N2 − 33N + 114) a2 g4 + 132 a b2 g4 + 3A ζ3 g4 ,
βg
(3) = − 14(13N2 − 368N − 3284)λ3g + 48(N + 14)ζ3 λ3g
+ 38(43N + 1334) b λ
2g2 + 432ζ3 b λ
2g2
+ 3N−1
(
3N2 + 33N − 50)a λg3 + 156 b2 λg3 + 72A/a ζ3 λg3
− 116(N−1)(11N2 − 289N + 626) a b g4 + 392 b3g4 + 12ζ3 c g4 , (5.31)
and
γ(3) = − 116(N + 2)(N + 8)λ3 − 132(N + 2)(6a λg2 + a b g3) . (5.32)
The two and three loop results for β-functions determine corrections as an expansion in
ε to the structure of fixed points found at one loop. The perturbation given by the coupling
g in (5.1) becomes relevant in the O(N) symmetric theory, and so induces an RG flow in
which the O(N) symmetry is broken, when ∂gβg
∣∣
λ=λ∗,g=0
< 0. With results to three loops
this requires
N > Ncrit,H = 4− 2 ε+ 52(ζ3 − 16)ε2 . (5.33)
The results in (5.13) may be straightforwardly extended to higher order, for large N they
simplify to
λ∗H ∼ 1N ε− 1N2
(
8 ε− 9 ε2 + 338 ε3
)
, (5.34)
leading to
γH ∼ 14N
(
ε2 − 14 ε3
)
, γσH ∼ ε− 2N
(
3 ε− 134 ε2 + 316 ε3
)
,
∂gβg
∣∣
λ=λ∗H ,g=0
∼ −ε+ 1N
(
12 ε− 5 ε2 − 134 ε3
)
. (5.35)
In the two coupling theory considered here the broken symmetry fixed points merge at
critical point N = Ncrit. To lowest order in an ε-expansion Ncrit = N0 with N0 determined
by F (N0) = 0, with F is defined in (5.15). In the neighbourhood of the critical point,
N ≈ Ncrit, the straightforward ε-expansion breaks down but if F (N) has a simple zero at
N = N0 we can write for N > 4, N ≈ N0,
λ∗+ − λ∗− = aλ(N, ε) F˜ (N, ε)
1
2
(
1 + O(F˜ )
)
,
g∗+ − g∗− = ag(N, ε) F˜ (N, ε) 12
(
1 + O(F˜ )
)
,
F˜ (N, ε) = F (N)− F1(N) ε− F2(N) ε2 + O(ε3) , (5.36)
where F1, F2 are determined by ensuring that any singular terms in the ε-expansion as
F˜ → 0 are cancelled. Including higher loop corrections the critical N is then determined by
iteratively solving
F˜ (Ncrit, ε) = 0 , Ncrit = N0 + O(ε) , (5.37)
25
as an expansion in ε. For fixed points to be present F˜ (N, ε) > 0, for N > Ncrit,H and
F˜ (N, ε) < 0 the RG flow does attain fixed points accessible in the ε-expansion. Using the
two and three loop results for the β functions4
F1(N) =
2(N + 2)2
3(N − 1) ,
F2(N) =
(N + 2)2(2N + 7)
36(N − 1)2
+
(
8N4 − 155N3 + 534N2 − 932N − 184
3(N − 1)(N + 2)2 −
32(N − 4)3
9(N + 2)2
c
b3
)
ζ3 . (5.38)
The general theory described by (5.1) may be extended to include relevant operators
quadratic in φ by letting
V (φ)→ V (φ) + 12 σ φ2 + 12 ρij φiφj , ρii = 0 . (5.39)
At a fixed point the couplings of such operators must be tuned to zero but the general
formula for βV (φ), obtained from (2.2) and (3.6), has contributions linear in σ, ρ which take
the form
βσ
(1) = (N + 2)λσ , βσ
(2) = −52(N + 2)(λ2 + 16a g2)σ ,
βσ
(3) = 116(N + 2)
(
12(5N + 37)λ3 + (N + 164) a g2λ+ 27 ab g3
)
σ ,
βρ,ij
(1) = 2λ ρij + g dijklρkl ,
βρ,ij
(2) = − 12
(
(N + 10)λ2 − N2−5N+106(N−1) a g2
)
ρij − (4λg + b g2) dijklρkl ,
βρ,ij
(3) = − 14
(
1
2(5N
2 − 84N − 444)λ3 − 5N2+65N−82N−1 a g2λ+ N
2−35N+54
4(N−1) ab g
3
)
ρij
+ 18
(
3(9N + 146)g λ2 + 192 b g2λ− 3N2−25N+662(N−1) a g3 + 32 b2 g3
)
dijklρkl . (5.40)
In general βσ = γσ σ. The anomalous dimensions for ρ are then determined by the eigenvalues
in (5.4).
For application here it is necessary to consider possible tensors dijkl satisfying (5.2) as
well as (5.30). If b = 0 solving the fixed point equations at lowest order using (5.10) requires
N < 4 or g = 0.
5.1 Fixed Points with discrete H ⊂ O(N)
5.1.1 Hypercubic fixed points
An extension of the simple N = 2 case is obtained by taking, as was considered long ago
[36, 37, 38] and more recently in [39],
dijklφiφjφkφl =
∑
i
φi
4 − 3
N + 2
(φ2)2 , (5.41)
4Here aλ = −
√
N − 4 ε/2(N + 2)2 + O(ε2), √a ag = 3 ε/(N + 2)2 + O(ε2).
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where − 2(N−1)N(N+2)(φ2)2 ≤ dijklφiφjφkφl ≤ N−1N+2(φ2)2. This breaks O(N) to the discrete
hypercubic group Hcubic ' BCN ' SN n Z2N , which ensures no other couplings than λ, g
are necessary for renormalisability. If λ = 1N+2 g in (5.1) this reduces to N decoupled φ
4
theories. In (5.2) and (5.30)
a = 2
N − 1
(N + 2)2
, b =
N − 2
N + 2
, c =
N(N − 2)(N − 4)
(N + 2)3
, (5.42)
and the solutions of (5.4) and (5.5) give
µ+ =
N
N + 2
, d+ = N − 1 , µ− = − 2
N + 2
, d− = 12N(N − 1) . (5.43)
Clearly (5.42) saturates the inequality (5.3). In (5.15)
F (N)cubic =
(N + 2)2
2(N − 1) . (5.44)
which is positive for any N > 1.
For this case the roots of f(x) = 0 are x− = 12(N − 4)(N + 2)/(N − 1), x+ = N + 2 as
well as x = 0. At these roots f ′(x±) = ±x± and f ′(0) = N − 4. Thus for N > 4 x∗ = x−
is the stable fixed point, for N < 4 x∗ = 0. At lowest order there are then fixed points for
N > 1 for x∗ = x−, x∗ = x+ respectively
λ∗− =
2(N − 1)
3N(N + 2)
ε , g∗− =
1
3N
(N − 4) ε , γ∗− = (N − 1)(N + 2)
108N2
ε2 ,
λ∗+ =
1
3(N + 2)
ε , g∗+ =
1
3
ε , γ∗+ =
1
108
ε2 , (5.45)
with the anomalous dimension at the fixed point obtained from (5.27). From (5.20) the
eigenvalues of the stability matrix to lowest order are given by
κ0,± = ε , κ1,− =
N − 4
3N
ε , κ1,+ = −1
3
ε . (5.46)
For the second case the (φ2)2 interaction is cancelled so this describes N decoupled φ4
theories. For N = 2 the two fixed points are equivalent and correspond to case a) in (3.9)
with λ0 = λ1 or λ0 = 0. For N = 4 the results in (5.45) corresponding to x∗ = x− are
identical with (5.13). The higher order results for β-functions allow an extension of (5.46)
as an expansion in ε. The results for κ0,+, κ1,+ match those for the Ising model as expected
and as given in (3.12). To the next order
κ0,− = ε− (N−1)(17N
2−4N+212)
27N2(N+2)
ε2 , κ1,− = N−43N ε− (N−1)(19N
3−72N2−660N+848)
81N3(N+2)
ε2 . (5.47)
The critical point is stable for κ1,− > 0. Including three loop contributions this arises for
exactly the same N as in (5.33) when the O(N) fixed point is unstable. In consequence the
O(N) theory with a hypercubic perturbation has a unique stable fixed point for all N . For
the a-function from (5.11) A∗−cubic = − 148Nε3 + (N−4)
2
432N ε
3 which attains the lower bound
when N = 4.
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Although the fixed point at x∗ = x− is stable for N ' 4 there may be slightly relevant φ4
perturbations. At this fixed point the anomalous dimensions to lowest order are determined
by the eigenvalues of operator
D = ε 13N
(
1
2 φ
2 ∂2 + (φ · ∂)2 − φ · ∂ + 12(N − 4)
∑
i φi
2 ∂i
2
)
. (5.48)
The 124N(N + 1)(N + 2)(N + 3) φ
4 operators may be decomposed into irreducible represen-
tations of the hypercubic symmetry group to obtain
D φiφjφkφl = ε 4N φiφjφkφl , i 6= j 6= k 6= l , dim
(
N
4
)
D φiφj(φkφk − φlφl) = ε N+83N φiφj(φkφk − φlφl) , i 6= j 6= k 6= l , dim 12N(N − 1)(N − 3) ,
D Sij = ε 2(N+2)3N Sij ,
∑
i Sij = 0 , dim
1
2N(N − 3) ,
Sij = φi
2φj
2 − 1N−2
(
(φi
2 + φj
2)φ2 − φi4 − φj4
)
+ 1(N−1)(N−2)
(
(φ2)2 −∑i φi4) , i 6= j ,
D(φiφj3 − φi3φj) = ε(φiφj3 − φi3φj) , i 6= j , dim 12N(N − 1) ,
D
(
φiφj φ
2
φiφj
3 + φi
3φj
)
= ε
1
3N
(
2(N + 6) 2(N − 4)
6 3N
)(
φiφj φ
2
φiφj
3 + φi
3φj
)
, i 6= j , dim N(N − 1) ,
D
(
(φi
2 − φj2)φ2
φi
4 − φj4
)
= ε
1
3N
(
3N + 8 4(N − 4)
6 6(N − 2)
)(
(φi
2 − φj2)φ2
φi
4 − φj4
)
, i 6= j , dim 2(N − 1)
D
(
(φ2)2∑
i φi
4
)
= ε
2
3N
(
2(N + 2) 2(N − 4)
3 3(N − 2)
)(
(φ2)2∑
i φi
4
)
, dim 2 . (5.49)
For any eigenvalue µ of D the associated eigenvector determines a scaling φ4 operator
with scaling dimension 2(d − 2) + µ so that if κ = µ − ε < 0 it represents a relevant
perturbation. For each operator in (5.49) the values of κ/ε in turn are 4−NN ,
2(4−N)
3N ,
4−N
3N , 0,
1
6N
(
12 −N ±√N2 + 24N − 48), 0, 3N−43N , 1, N−43N . The last two values correspond to the
two perturbations which preserve hypercubic symmetry and just give (5.46). However other
perturbations, which break the hypercubic symmetry, become relevant for N > 4.
5.1.2 Hypertetrahedral fixed points
An additional case [40] is obtained by considering N + 1 vectors ei
α, α = 1, 2, . . . , N + 1,
forming the vertices of a N -dimensional hypertetrahedron and satisfying, with a convenient
normalisation, ∑
α
ei
α = 0,
∑
α
ei
αej
α = δij , ei
αei
β = δαβ − 1
N + 1
. (5.50)
We may then define
dijklφiφjφkφl =
∑
α
(
ei
αφi
)4 − 3N
(N + 1)(N + 2)
(φ2)2 . (5.51)
In this case − 2(N−1)(N+1)(N+2)(φ2)2 ≤ dijklφiφjφkφl ≤ (N−1)(N−2)N(N+2) (φ2)2.5 The symmetry group is
Htetrahedral ' AN ⊗Z2 ' SN+1 ⊗Z2, with SN+1 corresponding to the permutations of eα or
5The bounds are equivalent to those for
∑N+1
α=1 xα
4/(
∑N+1
α=1 xα
2)2 subject to
∑N+1
α=1 xα = 0. For N even
the lower bound is modified.
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the vertices of the hypertetrahedron and Z2 to reflections φi → −φi. This expression for
dijkl satisfies (5.2) with
a = 2
(N − 1)(N − 2)
(N + 1)(N + 2)2
, b =
N2 − 3N − 2
(N + 1)(N + 2)
, (5.52)
and in (5.30)
c =
N6 − 9N5 + 20N4 + 30N3 − 60N2 − 120N − 48
(N + 1)3(N + 2)3
. (5.53)
For this case a− 2 N−1
(N−2)2 b
2 = 2 (N−1)(N−3)
(N+1)2(N−2)2 . The solutions of (5.4) and (5.5) are then
µ+ =
N − 2
N + 2
, d+ = N , µ− = − 2N
(N + 1)(N + 2)
, d− = 12(N − 2)(N + 1) . (5.54)
For N = 2, dijkl = 0 and for N = 3, (5.51) reduces, up to an overall scale, to (5.41) which
has cubic symmetry (S4 ⊂ S3nZ23 ' S4nZ2, with S4 corresponding to permutations of the
diagonals of the cube, in this case b2/a = 14 , c/b
3 = −3, for other N the hypertetrahedral
symmetry group is not a subgroup of the hypercubic group). For large N a, b, c have the
same limits as in the cubic case so the fixed points approach each other. However, unlike the
cubic case, the hypertetrahedral theory contains an H invariant cubic operator
∑
α
(
ei
αφi
)3
.
The fixed points are determined by the roots of f(x) = 0 in (5.14). Apart from
x = 0 these are x− = (N + 2)/2, x+ = (N − 4)(N + 1)(N + 2)/(N − 1)(N − 2) and
f ′(x−) = −12(N − 5)(N + 2)/(N + 1), f ′(x+) = (N − 5)(N − 4)(N + 2)/(N − 1)(N − 2).
For N > 5 x∗ = x− is then the stable fixed point. These roots are coincident for N = 5. In
(5.15)
F (N)tetrahedral =
(N + 2)2(N − 5)2
2(N − 1)(N − 2)(N + 1) < F (N)cubic for N > 3 . (5.55)
The couplings at the fixed points and the lowest order anomalous dimensions are then
for x∗ = x−
λ∗− =
2(N + 1)
3(N + 2)(N + 3)
ε , g∗− =
N + 1
3(N + 3)
ε , γ∗− =
(N + 1)(N + 7)
108 (N + 3)2
ε2 , (5.56)
and for x∗ = x+
λ∗+ =
(N − 1)(N − 2)
3(N + 2)(N2 − 5N + 8) ε , g∗+ =
(N − 4)(N + 1)
3(N2 − 5N + 8) ε ,
γ∗+ =
(N − 1)(N − 2)(N2 − 6N + 11)
108 (N2 − 5N + 8)2 ε
2 . (5.57)
In this case from (5.20)
κ0,± = ε , κ1,− =
N − 5
3(N + 3)
ε , κ1,+ = − (N − 4)(N − 5)
3(N2 − 5N + 8) ε . (5.58)
For the a-function A∗−tetrahedral = − 148Nε3 + (N−5)
2N
432(N+3)2
ε3 and
A∗−tetrahedral −A∗−cubic = −(N − 3)(N
2 − 3N − 6)
54N(N + 3)2
, (5.59)
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so that for N ≥ 5 the tetrahedral fixed point has a lower A and also a lower symmetry
than the cubic one. The difference vanishes when N = 3 since in this case the cubic and
tetrahedral theories coincide. The marginal perturbations at this fixed point are analysed in
appendix D.
The result (5.55) has a double zero at N = 5 when (5.56) and (5.57) coincide. Taking
into account higher order contributions for N ≈ 5 the two fixed points have an expansion
where
λ∗+ − λ∗− = aλ(N, ε) N˜(N, ε)
1
2 , g∗+ − g∗− = ag(N, ε) N˜(N, ε) 12 ,
N˜(N, ε) =
(
N − 5− 6 ε− 28132 ε2 + 618 ζ3 ε2
)2 − 24 ε− 2894 ε2 + 30 ζ3 ε2 ,
aλ(N, ε) ≈ − 1168
(
1− 156(N − 5)
)
ε , ag(N, ε) ≈ 18
(
1− 712(N − 5)
)
ε , (5.60)
where aλ(N, ε), ag(N, ε) have no singularities as N → 5. N˜(N, ε) = 0 determines Ncrit
where new fixed points emerge. From (5.60), to O(ε2),
Ncrit± = 5 + 6 ε+ 28132 ε
2 − 618 ζ3 ε2 ±
√
24 ε+ 2894 ε
2 − 30 ζ3 ε2 . (5.61)
For Ncrit− < N < Ncrit+ there are no real fixed points but there are nearby complex fixed
points. For N = 5 then there are conjugate fixed points which may be found as a series in
ε
1
2 using the three loop β-functions as6
λ∗ = 114 ε+
1
24 ε
2 ± 1
28
√
6
i ε
3
2
(
1 + 164(79− 40ζ3)ε
)
+ . . . ,
g∗ = 14 ε+
21
64 ε
2 ∓ 1
4
√
6
i ε
3
2
(
3 + 164(181− 120ζ3)ε
)
+ . . . . (5.62)
Such almost real fixed points can have dramatic effects on the RG flow [41].
It is natural to consider extensions of (5.50) based on regular polytopes for general N ,
generalisations of the Platonic solids, which define discrete subgroups H of SO(N). However
6The degeneracy of the one loop fixed points for N = 5 is removed by higher loop contributions but it is
necessary to consider a perturbative expansion in ε
1
2 and the fixed point becomes complex. The β-functions
reduce to
βλ = −ε λ+ 13λ2 + 449 g2 + fλ , βg = −ε g + 12λg + 47 g2 + fg , (a)
where fλ, fg correspond to contributions at two or more loops. Writing for the fixed point couplings a
Puiseaux seies (
λ∗
g∗
)
=
(
1
14
1
4
)
ε+
∑
n≥3
(
an
bn
)
ε
1
2
n , (b)
then the equations for a vanishing β-functions at order ε
1
2
n+1 take the form
M
(
an
bn
)
=
(
cn
dn
)
, M =
( 6
7
2
49
3 1
7
)
, c3 = d3 = 0 , (c)
where c2n, d2n, c2n+1, d2n+1 are determined by contributions to βλ, βg for up to n-loops and depend non
linearly on ap, bq for p, q < 2n. Since M is singular it is necessary that 7 cn − 2 dn = 0 with a corresponding
freedom in the solutions of the form an ∼ an+xn, bn ∼ bn−21xn. At lowest order b3 = −21 a3. This freedom
may be used to ensure that cn+1, dn+1 satisfy the solvability constraints for an+1, bn+1 at the next order.
To fully determine a2n, b2n it is then necessary to know the β-functions to n loops whereas for a2n+1, b2n+1
n+ 1 loops are required. The presence of the ε
3
2 terms in (b) are required to ensure 7 c4 − 2 d4 = 0 so that
the O(ε3) terms in the expansion of βλ, βg can be set to zero. Thus if in (a) fλ → cˆ4 ε3, fg → dˆ4 ε3 then
73a3
2 = 2 dˆ4 − 7 cˆ4. This leads to conjugate imaginary solutions for a3, b3 and hence for all a2n+1, b2n+1.
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for N ≥ 5 we have, apart from hypertetrahedrons or N -simplices, just hypercubes, with
2N vertices (±1,±1, . . . ,±1), and hyperoctahedrons with 2N vertices (0, 0, . . . ,±1, . . . , 0).
These are dual by interchanging faces and vertices and have the same symmetry. In either
case extending (5.51) is equivalent to (5.41). More generally vertex transitive or isogonal
polytopes also define discrete subgroups of SO(N). An example are demihypercubes with
2N−1 vertices (±1,±1, . . . ,±1), with an even number of −1’s. For N = 3 this is just a
tetrahedron. For general N the symmetry group is DN ' SN n Z2N/Z2. However for
quartic polynomials
∑
α
(
ei
αφi
)4
= −2N∑i φi4 + 3 × 2N−1(φ2)2 except when N = 4 and
there is an additional term 192φ1φ2φ3φ4 which is invariant under D4. Nevertheless this
is equivalent to the hypercubic case for all N , for N = 4,
∑
α
(
ei
αφi
)4
= 32
∑
i ϕi
4 taking
ϕ1 =
1
2(φ1 + φ2 + φ3 + φ4), ϕ2 =
1
2(φ1 − φ2 − φ3 + φ4), ϕ3 = 12(φ1 − φ2 + φ3 − φ4), ϕ4 =
1
2(φ1 + φ2 − φ3 − φ4).
5.2 Fixed Points with continuous H ⊂ O(N )
Theories in which the RG flow involves just two couplings can also be obtained by extending
(5.2) to7
dijmn dklmn =
1
N−1 a
(
1
2N(δikδjl + δilδjk)− δijδkl
)
+ euwu,ijkl + b dijkl , (5.63)
assuming wu,ijkl are a basis of H-invariant tensors satisfying
8
wu,ijkl = wu,jikl = wu,klij , wu,i(jkl) = 0 , wu,iikl = 0 . (5.64)
Such tensors may be present for N ≥ 4. For calculations beyond one loop we require
dijmnwu,klmn = wu,ijmn dklmn = fu
v wv,ijkl + hu dijkl ,
wu,ijmnwv,klmn = wv,ijmnwu,klmn
= 1N−1 a
′
uv
(
1
2N(δikδjl + δilδjk)− δijδkl
)
+ e′uvw ww,ijkl + b′uv dijkl . (5.65)
There are various consistency conditions such as
eua′uv = hv a , fuva′vw = b′uw a , fuvhv = b′uvev , e′uvx a′xw = e′uwx a′xv . (5.66)
The eigenvalue equation (5.4) is extended to
dijkl vkl = µ vij , wu,ijkl vkl = µu vij , (5.67)
requiring
µ2 = euµu+b µ+
N
N−1 a , µ µu = fu
vµv+hu µ , µu µv = e
′
uv
wµw+b
′
uv µ+
N
N−1 a
′
uv . (5.68)
7For the RG flow for the theory defined by (5.1) to be closed at one loop it is necessary to impose
dijmn dklmn + dikmn djlmn + dilmn djkmn = a(δijδkl + δikδjl + δilδjk) + 3b dijkl. In that case we may define
eu wu,ijkl =
1
3
(2 dijmn dklmn − dikmn djlmn − dilmn djkmn) + N+26(N−1) a(2 δijδkl − δikδjl − δilδjk).
8If cikjl = wijkl − wkjil then cikjl = −ckijl = cjlik and ci[kjl] = 0, cijjl = 0 and so has the symmetries of
the Weyl tensor. wijkl = (cikjl + cjkil)/3.
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Assuming (5.63) with (5.64) the one loop β-functions remain as in (5.10). At two loops
in (5.26), using wu,imjn dklmn = −12 wu,ijmn dklmn, and (5.40)
∆βg
(2) = 3 euhu g
3 , ∆βρ,ij
(2) = 12 g
2euwu,ijkl ρkl . (5.69)
and, since in (5.30) ∆A = −a euhu, at three loops (5.31) is modified by
∆βλ
(3) = − a euhu
(
11
2 + 3 ζ3
)
g4 ,
∆βg
(3) = − 34
(
29 b euhu − 8 eufuvhv
)
g4 − 6 euhu
(
7 + 12 ζ3
)
λg3 ,
∆βρ,ij
(3) = − 114 euhu g3 dijkl ρkl −
(
3 g2λ+ 54 b g
3
)
euwu,ijkl ρkl + g
3 eufu
vwv,ijkl ρkl . (5.70)
As a consequence of the changes in the β-functions in (5.69) and (5.70) then in (5.38) there
are additional terms
∆F1(N) = − 6(N − 4)
N + 2
euhu
a
,
∆F2(N) = − 3(N
3 + 35N2 − 82N − 8)
4(N − 1)(N + 2)2
euhu
a
+
9(N − 4)2(N + 8)
4(N + 2)4
(euhu
a
)2
− 16(N − 4)
3
9(N + 2)2
eufu
vhv
b3
− 3(N − 4)(N − 28)
(N + 2)2
euhu
a
ζ3 . (5.71)
A particular example arises when dijkl is the symmetric traceless rank 4 tensor for a Lie
group when there is an independent quartic Casimir. For a simple Lie algebra with a basis
{ti} where we assume, with indices i, j, k, l = 1, . . . , N ,
[ti, tj ] = fijk tk , fiklfjkl = C δij , tr(titj) = −Rδij , titi = −CR 1 , (5.72)
then we may take
dijklφiφjφlφl = tr
(
tφ
4
)
+ y (φ2)2 , tφ = tiφi , (5.73)
with y determined to ensure dijkl is traceless. Using titφti = (
1
2C − CR)tφ this gives
y = −3CR −
1
2 C
N + 2
R. (5.74)
Similarly we may define, if tr(ti{tj , tk}) = 0,
wijklφkφl = − tr
(
[ti, tφ] [tj , tφ]
)
+ z(δijφ
2 − φiφj) , z = − C R
N − 1 . (5.75)
For the case of O(n) then ti are a basis of n × n antisymmetric matrices so that the
theory reduces to antisymmetric tensor fields ϕab = (tφ)ab, a, b = 1, . . . , n, as discussed in
[42, 43]. In this case in (5.72)
C = 2(n− 2) , R = 2 , CR = n− 1 , N = 12n(n− 1) , (5.76)
so that y = −2(2n − 1)/(N + 2), z = −8/(n + 1). In this case for dijklφiφjφlφl given
in (5.73) −2(n2−4)n(N+2) (φ2)2 ≤ dijklφiφjφkφl ≤ (n−2)(n−3)N+2 (φ2)2 (for n odd the lower bound is
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modified). With the completeness relation ti tr(tiY ) = −RY for any Y T = −Y and also
tiMti = (CR − 12C)MT − 1 tr(M). For this case the definition (5.73) gives dijkl = 0 for
n = 2, 3 and with the above results we may verify (5.63) with
a =
2(n− 2)(n− 3)(n+ 1)(n+ 2)
3(N + 2)2
, b =
(n− 5)(n+ 4)(2n− 1)
9(N + 2)
, e = 227(n+1) , (5.77)
and, with more complexity,
c =
n8 − 84n7 + 302n6 + 2212n5 − 6215n4 − 13944n3 + 27456n2 − 40448n+ 15616
216(N + 2)3
.
(5.78)
With a, b given by (5.77) then in (5.15) F (N) < 0 for n > 14(2 + 3
√
22) so that there are
only fixed points for real non zero couplings λ, g when n = 4. In (5.65)
h =
8(N + 2)
3(n+ 1)
, f =
(n− 8)(n+ 1)2
9(N + 2)
,
a′ =
24(n− 2)(n− 3)(n+ 2)
(n+ 1)(N + 2)
, b′ = 4(n− 8) , e′ = 4(N + 11)
3(n+ 1)
, (5.79)
which in conjunction with (5.78) determine higher loop contributions to β-functions.9
5.2.1 O(m)× O(n) fixed points
A theory with non trivial fixed points is obtained by considering a symmetry breaking
where O(N)→ O(m)×O(n)/Z2, N = mn as was considered in [44, 31]. This case can be
discussed in the present context by taking φi = Φar with a = 1, . . . ,m, r = 1, . . . , n and,
with the usual summation convention for repeated paired indices,
dijklφiφjφkφl = ΦarΦbrΦasΦbs − m+ n+ 1
N + 2
(Φ2)2 . (5.80)
This vanishes for m = 1 or n = 1 and for m ≤ n, satisfies the bounds − (m−1)(m+2)m(N+2) (Φ2)2 ≤
dijklφiφjφkφl ≤ (m−1)(n−1)N+2 (Φ2)2. In this case there are two tensors wu,ijkl, u = 1, 2, which
are determined by
w1,ijklφkφl = δrsΦatΦbt − δabΦcrΦcs − n−m
N − 1
(
δabδrs Φ
2 − ΦarΦbs
)
,
w2,ijklφkφl = δrsΦatΦbt + δabΦcrΦcs − 2 ΦasΦbr − m+ n− 2
N − 1
(
δabδrs Φ
2 − ΦarΦbs
)
. (5.81)
In (5.2)
a =
(m− 1)(m+ 2)(n− 1)(n+ 2)
3(N + 2)2
,
b =
Dmn
9(N + 2)
, Dmn = mn(m+ n) + 4mn− 10(m+ n)− 4 ,
e1 = 118(n−m) , e2 = 154(m+ n+ 4) , (5.82)
9The results to three loops are in numerical agreement with [43] in terms of couplings g1 = 6λ+ 2y g, g2 =
8g.
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and in (5.30)
c =
1
216(mn+ 2)3
(
mn− 4(m+ n)− 2)
× (5m3n3 + 10m2n2(m+ n)− 40mn(m2 + n2) + 20m2n2 − 88mn(m+ n)
+ 16(m2 + n2) + 284mn− 24(m+ n) + 240) , (5.83)
and in (5.64)
f1
1 = 16(n+m+ 2)−
2(m+ n+ 1)
3(N + 2)
, f1
2 = 118(n−m) ,
f2
1 = 16(n−m) , f22 = 118(n+m− 2)−
2(m+ n+ 1)
3(N + 2)
,
h1 = (n−m)
(
1
3
+
1
N − 1
)
, h2 = (n+m− 2)
(
1
3
+
1
N − 1
)
,
a′11 =
(m− 1)(n− 1)(2N + 3m+ 3n+ 4)
(N − 1)(N + 2) , a
′
12 = a
′
21 = 3
(m− 1)(n− 1)(n−m)
(N − 1)(N + 2) ,
a′22 = 3
(m− 1)(n− 1)(2N +m+ n− 4)
(N − 1)(N + 2) ,
b′11 = n+m, b′12 = b′21 = n−m, b′22 = m+ n− 8 . (5.84)
The coefficients e′uvw are also determined but not quoted here. For m = n only the w2 tensor
is relevant.
These results suffice to determine the β-functions to three loops.10 Solving the eigenvalue
equations (5.68) for the O(m)×O(n) case gives four possibilities for (µ, µ1, µ2)
(i)
( (m−1)(m+2)n
3(N+2) , − (m
2−1)n
N−1 ,
(m−1)2n
N−1
)
, dim = 12(n− 1)(n+ 2) ,
(ii)
(m(n−1)(n+2)
3(N+2) ,
m(n2−1)
N−1 ,
m(n−1)2
N−1
)
, dim = 12(m− 1)(m+ 2) ,
(iii)
(
N−2m−2n
3(N+2) ,
n−m
N−1 , −2N−m−nN−1
)
, dim = 14(m− 1)(m+ 2)(n− 1)(n+ 2) ,
(iv)
(− (m+2)(n+2)3(N+2) , n−mN−1 , 2N+m+n−4N−1 ) , dim = 14m(m− 1)n(n− 1) , (5.85)
corresponding to the decomposition of the eigenvectors var,bs into irreducible representations
of O(m)×O(n), var,as, var,br, var,bs + vbr,as − 2mδabvcr,cs − 2nδrsvat,bt and var,bs − vbr,as. In
(5.15)
F (m,n)O(m)×O(n) =
1
9a
Rmn , Rmn = m
2 + n2 − 10mn− 4(m+ n) + 52 , (5.86)
with notation borrowed from [44]. Positivity of F then requires Rmn > 0 so that n is
restricted by n < 5m+ 2− 2√6(m− 1)(m+ 2) or n > 5m+ 2 + 2√6(m− 1)(m+ 2). This
10The β-functions to three loops obtained from (5.10), (5.26), (5.31) in conjunction with (5.69), (5.70) and
(5.82), (5.83), (5.84) are identical with the results of Pelissetto et al [31] where their results are expressed in
terms of the couplings u = 6λ+ 2(1− (m+ n+ 1)/(mn+ 2))g, v = 2g.
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excludes m = n except when m = n = 2. With the results in (5.71) these boundaries are
modified in the ε expansion to
ncrit± = 5m+ 2± 2
√
6(m− 1)(m+ 2)− (5m+ 2)ε∓ 25m2+22m−32
2
√
6(m−1)(m+2) ε
+
(
8m5+31m4−426m3−1376m2+1184m+1632
8(m−7)(m+8)(m−1)(m+2) ± 20m
4+73m3−1230m2−2960m+6176
8(m−7)(m+8)
√
6(m−1)(m+2)
)
ζ3 ε
2
+ 4m
7+21m6−417m5−1883m4+9288m3+45444m2+18880m−33024
24(m−7)2(m+8)2(m−1)(m+2) ε
2
± 5m8+58m7−389m6−5854m5+7756m4+139240m3+176192m2−160256m−253292
32(m−7)2(m+8)2(m−1)(m+2)
√
6(m−1)(m+2) ε
2 . (5.87)
To O(ε) this agrees with [44] and to O(ε2) when m = 2 with [45] and for any m with [31].
For n > ncrit+ and n < ncrit− there are two fixed points with non zero g. The O(N) fixed
point becomes unstable when n > Ncrit,H/m as given in (5.33).
At the fixed point to lowest order
λ∗± =
1
2(N + 2)
Dmn ± (N + 2)
√
Rmn
Dmn ± 6
√
Rmn
ε , g∗± =
3(N − 4)
Dmn ± 6
√
Rmn
ε , (5.88)
and from (5.20) the stability matrix eigenvalues are
κ0,± = ε , κ1,± = ± (N − 4)
√
Rmn
Dmn ± 6
√
Rmn
ε . (5.89)
From (5.28)
A∗± = − 1
48
N ε3 +
(N − 4)2Rmn
48
(
Dmn ± 6
√
Rmn
)2 N ε3 . (5.90)
For a fixed point Rmn > 0 and so this respects the bound (5.21). In application to condensed
matter systems the two fixed points, denoted by +,−, are referred to as chiral and anti-chiral
[44]. Since A∗+ < A∗− the chiral fixed point is therefore the stable one.
At higher order the results are complicated but for n m and to order ε3, taking into
account two and three loop contributions,
λ∗± ∼
{
1
N
(
1− 2N
)
ε+ 32Nn(m+ 1)
(− 2 ε+ 3 ε2 − 118 ε3)
1
N2
(m− 1)(m+ 2) (3 ε− 2 ε2 − 32 ε3) ,
g∗± ∼

3
n
(
ε+ 1n
(−(m+ 4)ε+ 32(m+ 3)ε2 − 116(13m+ 33)ε3))
3
n
(
ε
+ 1N
(−(m− 2)(m+ 6)ε+ 12(3m2 + 9m− 34)ε2 − 116(13m2 + 33m− 162)ε3))
.
(5.91)
Correspondingly in this limit, with notation from (4.45) for k±,
γ± ∼ k± 14n
(
ε2 − 14 ε3
)
, γσ± ∼
{
ε− k+ 2n
(
3 ε− 134 ε2 + 316 ε3
)
k− 2n
(
3 ε− 134 ε2 + 316 ε3
) , (5.92)
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There are also similar results for γρ which decomposes into four cases depending on the
eigenvalues in (5.85)
(i) γρ1± ∼ 2 γ± − 2n k±
(
ε− 12 ε2 − 14 ε3
)
,
(ii) γρ2± ∼ ε−
{
1
n
(
(m+ 3) ε− 14(5m+ 13) ε2 + 316(m+ 1) ε3
)
1
N
(
(m− 2)(m+ 5) ε− 14(5m2 + 13m− 50) ε2 + 116(3m2 + 3m− 22) ε3
),
(iii) γρ3± ∼ 2 γ± +
{
1
n
(
ε− 12 ε2 − 14 ε3
)
1
N (m− 2)
(
ε− 12 ε2 − 14 ε3
) ,
(iv) γρ4± ∼ 2 γ± −
{
1
n
(
ε− 12 ε2 − 14 ε3
)
1
N (m+ 2)
(
ε− 12 ε2 − 14 ε3
) . (5.93)
At the fixed point ∆σ,ρ = d− 2 + γσ,ρ∗. For case (ii) ∆ρ∗±, ∆σ∗+ = 2 + O(1/n), the large n
analysis is based on couplings ρab ΦarΦbr, with ρab symmetric and traceless, and σΦ
2 which
have dimension d, for the anti-chiral fixed point only the ρab coupling is relevant. The results
in (5.93) show the universal behaviour at large n expected by large n results [31, 32, 33].
5.2.2 MN fixed points
An alternative breaking of O(N) symmetry (referred to in some literature as the MN model
[9]) is realised when O(N)→ Sn nO(m)n for N = mn, φi is decomposed as n m-vectors
~ϕr and
dijklφiφjφkφl =
∑
r(~ϕr
2)2 − m+2N+2 (~ϕ 2)2 , ~ϕ 2 =
∑
r ~ϕr
2 , (5.94)
which satisfies − 2(n−1)n(N+2)(~ϕ 2)2 ≤ dijklφiφjφkφl ≤ (m−1)nN+2 (~ϕ 2)2. This expression reduces to
the hypercubic model in (5.41) for m = 1 and if in (5.1) λ = m+23(N+2) g to n decoupled O(m)
theories. Past discussions include [46, 47, 48]. The β-functions for such theories have been
determined to four loops [49, 50] for m = 2 and are physically relevant for m = 2, n = 2, 3.
For m = n = 2 this case with O(2)2 symmetry is identical with the O(2)×O(2) symmetric
theory, taking ~ϕ1 =
1√
2
(Φ11 − Φ22, Φ12 + Φ21), ~ϕ2 = 1√2(Φ11 + Φ22, Φ12 − Φ21), ~ϕ 2 = Φ2,∑
r(~ϕr
2)2 = −ΦarΦbrΦasΦbs + 32 (Φ2)2. The β-functions in the two cases are related by
βλ(λ, g)
∣∣
O(2)×O(2) = βλ(λ,−g)
∣∣
O(2)2
, βg(λ, g)
∣∣
O(2)×O(2) = −βg(λ,−g)
∣∣
O(2)2
. (5.95)
In the framework described here there is a single mixed symmetry tensor, non zero for
m > 1,
wijklφiφjφ
′
kφ
′
l →
∑
r
(
~ϕr
2 ~ϕ ′r2 − (~ϕr ·~ϕ ′r)2
)− m−1N−1 (~ϕ 2 ~ϕ ′2 − (~ϕ · ~ϕ ′)2) . (5.96)
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This gives
a =
2m(m+ 2)(n− 1)
3(N + 2)2
, b =
m(m+ 8)(n− 1) + (m+ 2)(m− 4)
9(N + 2)
, e =
2
27
(m+ 2) ,
c =
(mn− 2m− 2)
27(mn+ 2)3
(
5m3n2 + 22m2n2 − 10m3n− 44m2n+ 4m2 − 12m+ 8) ,
f =
2(N − 1)(m+ 2)
9(N + 2)
, h =
(N + 2)(m− 1)
3(N − 1) ,
a′ =
3(m− 1)m(n− 1)
(N − 1)(N + 2) , b
′ = m− 1 , e′ = 13(2m− 5) + 2
m− 1
N − 1 . (5.97)
For eigenvectors of the d,w tensors with eigenvalues (µ, µ′) there are now three cases(N(m+2)
3(N+2) ,
N(m−1)
N−1
)
, dim = n− 1 ,(− 2(m+2)3(N+2) , m−1N−1) , dim = 12 m2n(n− 1) ,(2m(n−1)
3(N+2) ,−m(n−1)N−1
)
, dim = 12(m− 1)(m+ 2)n . (5.98)
The results in (5.97) are sufficient to determine the β-functions in this case to three loops
for general m,n.11
The polynomial f(x), as defined in (5.14), now has roots, apart from x = 0, given by
x− = (N − 4)(N + 2)/2m(n− 1), x+ = 3(N + 2)/(m+ 2), x+ > x− for m < 4. In this case
f ′(x±) = ±13(4−m)x±. According to (5.20) a stable fixed point requires f ′(x∗) < 0. For
N > 4, when the O(N) symmetric fixed point has relevant perturbations, the stable fixed
point is given by x∗ = x− or x∗ = x+ depending on whether m < 4 or m > 4. In (5.15)
F (m,n)O(m)n =
(m− 4)2(N + 2)
6m(m+ 2)(n− 1) , (5.99)
so that for this breaking there are always non trivial additional fixed points which coincide
when m = 4. The two fixed points extending (5.45) are then given by
λ∗− =
6(N −m)
(N + 2)
(
(m+ 8)N − 16(m− 1)) ε , g∗− = 3(N − 4)(m+ 8)N − 16(m− 1) ε ,
λ∗+ =
m+ 2
(m+ 8)(N + 2)
ε , g∗+ =
3
m+ 8
ε , (5.100)
with corresponding anomalous dimensions
γ− =
(N −m)((m+ 2)N − 10m+ 16)
4
(
(m+ 8)N − 16(m− 1))2 ε2 , γ+ = m+ 24(m+ 8)2 ε2 (5.101)
The stability matrix eigenvalues at lowest order are then
κ0,± = ε , κ1,+ =
m− 4
m+ 8
ε , κ1,− = − (m− 4)(N − 4)
(m+ 8)N − 16(m− 1) ε . (5.102)
11The results are in accord with [49] for m = 2 expressed in terms of couplings, up to a scale factor,
u = 3λ− (m+ 2)/(mn+ 2) g, v = g. In general βu|u=0 = 0 reflecting the decoupled fixed point.
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For m = 2, n = 2, 3 results to four loops are given in [50] (where κ = −2ω). The fixed point
realised for x∗ = x+ corresponds to decoupled O(m) theories, this is the stable fixed point
for m > 4. Using (5.9)
A∗+ = − 1
48
N ε3 +
(m− 4)2
48(m+ 8)2
Nε3 ,
A∗− = − 1
48
N ε3 +
(m− 4)2(N − 4)2
48
(
(m+ 8)N − 16(m− 1))2 Nε3 . (5.103)
For a positive potential at the x∗ = x− fixed point we should require (m+8)N > 16(m−1)
so that λ∗− > 0 but this is satisfied for any m,n > 1. For g∗− > 0 positivity requires
3n(N + 2)λ∗ > 2(n − 1)g∗ but with (5.100) this provides no constraint. Stability of the
λ∗−, g∗− fixed point requires m < 4 or m = 1, 2, 3, m = 1 of course reduces to the hypercubic
fixed point in (5.45). The minimum value for A∗ is attained at the bifurcation point when
m = 4, N = 4n.
For this theory the anomalous dimensions of quadratic operators may easily be determined
to three loops using (5.40) together with (5.69), (5.70) and the eigenvalues given in (5.98).
For simplicity at large m at the non decoupled fixed point,
γ− ∼ 14N (n− 1)
(
ε2 − 14 ε3
)
, (5.104)
and
γσ− ∼ 2N (n− 1)
(
3 ε− 134 ε2 + 316 ε3
)
,
γρ1− ∼ ε− 2N
(
(n− 1)(3 ε− 134 ε2 + 316 ε3)− 2 ε+ 3 ε2 + 12 ε3
)
,
γρ2− ∼ 2 γ− − 2N
(
ε− 12 ε2 − 14 ε3
)
,
γρ3− ∼ 2 γ− + 2N (n− 1)
(
ε− 12 ε2 − 14 ε3
)
. (5.105)
The results reflect the existence of a large m limit for the MN model which is analogous to
that for O(m)×O(n).
6 Scalar theories in 3− ε dimensions
An ε expansion starting from three dimensional renormalisable theories determines the
properties of tricritical (since there are at least two relevant operators if Z2 symmetry is
imposed for a single component field) fixed points [51, 52]. Such φ6 theories have been
considered from a CFT perspective in [53, 54].
For our discussion we assume N -component scalar fields φi and initially a general sextic
potential V (φ) = 16! λiklmnpφiφjφkφlφmφn + . . . . After rescaling V → (8pi)2V the lowest
order, two loop, result for the β-functions for the couplings contained in V is determined by
βV (φ) = ε
(
V (φ)− 12 φiVi(φ)
)
+ 13 Vijk(φ)Vijk(φ) , (6.1)
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with Vi(φ) = ∂iV (φ). For the next order, at four loops,
12
βV (φ)
(4) = 16 Vij(φ)Viklmn(φ)Vjklmn(φ)− 43 Vijk(φ)Vilmn(φ)Vjklmn(φ)
− pi212 Vijkl(φ)Vklmn(φ)Vijmn(φ) + φiγij(4)Vj(φ) , (6.2)
with the four loop anomalous dimension matrix
γij
(4) = 190 λiklmnpλjklmnp . (6.3)
For the O(N) symmetric case the potential is restricted to the form
V (φ) =
λ
48
(φ2)3 . (6.4)
From (6.1),
βλ = −2ε λ+ 4(3N + 22)λ2 , (6.5)
and from (6.3)
γij = γφ δij , γφ
(4) = 16(N + 2)(N + 4)λ
2 . (6.6)
The four loop result gives
βλ
(4) = −4(53N2 + 858N + 3304)λ3 − 12pi2(N3 + 34N2 + 620N + 2720)λ3 . (6.7)
Equivalent results were obtained in [56] and extended to six loops in [57, 58]. At the fixed
point to lowest order
λ∗ =
ε
2(3N + 22)
, γφ∗ =
(N + 2)(N + 4)
24(3N + 22)2
ε2 . (6.8)
For large N the perturbative contributions to the β-function and the anomalous di-
mension γφ at higher orders have a leading N dependence of the form (Nλ)
pN b
1
2
(p−3)c and
(Nλ)pN b
1
2
(p−2)c, p = 2, 3, . . . , respectively.13 Hence with a rescaled coupling
βλ˜ = −2ε λ˜+
1
N
(
12 λ˜2 − 12pi2λ˜3
)
+ O
( 1
N2
)
, λ˜ = N2λ . (6.9)
A large N IR fixed point is given, at leading order, by
Nε = 6 λ˜∗ − 14pi2 λ˜∗2 ≤ 36pi2 ⇒ λ˜∗ = 4pi2
(
3−
√
9− pi2Nε/4 ) ≈ 16Nε+ pi2864 (Nε)2 . (6.10)
The bound [56] determines the radius of convergence of the ε-expansion. At the fixed point
βλ˜
′(λ˜∗) = 4 ε− 12N λ˜∗ , (6.11)
12An equivalent expression is given in appendix A of [55].
13This counting is the minimal form agreeing with explicit results up to six loops and satisfying the
consistency conditions N(Nλ)p−1Nb
1
2
(p−3)c (Nλ)p
′
Nb
1
2
(p′−3)c ≤ (Nλ)p+p′−1Nb 12 (p+p′−4)c corresponding to
inserting a λp
′
vertex graph for one of the vertices in the λp graph.
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which is positive for Nε < 36
pi2
and vanishes when Nε = 36
pi2
. In this large N limit the
β-function results in (6.9) also imply a UV fixed point
λ˜∗UV ≈ 4pi2
(
3 +
√
9− pi2Nε/4 )→ 24
pi2
as ε→ 0 , (6.12)
which for ε = 0 was considered in [56].14 The result for λ˜∗UV extends to ε < 0 although
then at the IR fixed point λ˜∗ < 0 which is presumably unstable.
The N dependence here is in contrast to the O(N) model in 4 − ε dimensions where
the perturbative expansion gives contributions to βλ and γφ, γσ beyond one loop of the
form λ2(Nλ)p and λ(Nλ)p, p = 1, 2, . . . . For large N in this case defining λ˜ = Nλ then,
to first order in 1/N , βλ˜ = −ε λ˜ + λ˜2 + 1N λ˜f(λ˜), γφ ∼ 1N fφ(λ˜), γσ ∼ λ˜ + 1N fσ(λ˜) and at
the fixed point λ˜∗ ∼ ε− 1N f(ε) so that γφ∗ ∼ 1N fφ(ε), γσ∗ ∼ ε+ 1N
(− f(ε) + fσ(ε)) where
fφ(ε) = O(ε
2). The fixed point here is also unstable when ε < 0.
Extending the discussion to lower dimension operators we may consider
V (φ)→ V (φ) + 12 σ φ2 + 12 ρij φiφj + 12 χi φi φ2 + 16 τijk φiφjφk
+ 18 ξ (φ
2)2 + 14 µij φiφjφ
2 + 124 νijkl φiφjφkφl , (6.13)
with ρij , τijk, µij , νijkl symmetric and traceless. The results in (6.1) and (6.2) determine
the anomalous dimensions. For the O(N) symmetric theory determined by (6.4)
γσ
(4) = 163 (N + 2)(N + 4)λ
2 , γρ
(4) = 43(N + 4)(N + 8)λ
2 ,
γχ
(2) = 2(N + 4)λ , γτ
(2) = 4λ ,
γχ
(4) = − 12(N + 4)(25N + 242)λ2 , γτ(4) = 12(7N2 − 6N − 424)λ2 ,
γξ
(2) = 8(N + 4)λ , γµ
(2) = 4(N + 8)λ , γν
(2) = 16λ ,
γξ
(4) = − (N + 4)(43(85N + 566) + 12(N2 + 18N + 116)pi2)λ2 ,
γµ
(4) = − (83(14N2 + 267N + 1132) + (N2 + 44N + 232)pi2)λ2 ,
γν
(4) =
(
4
3(5N
2 − 78N − 968)− 6(N + 16)pi2)λ2 . (6.14)
For large N the leading terms in γσ, γξ are expected to be of the form (Nλ)
pN b
1
2
(p−1)c,
(Nλ)pN b
1
2
pc. In the large N limit for fixed λ˜ these results, together with [58], imply
γφ =
1
N2
1
6 λ˜
2 + O
(
1
N3
)
, γσ =
1
N2
(
16
3 λ˜
2 − 12pi2λ˜3
)
+ O
(
1
N3
)
,
γξ =
1
N
(
8 λ˜− 12pi2λ˜2
)
+ O
(
1
N2
)
. (6.15)
At the fixed point the leading results for these anomalous dimensions are given by taking
λ˜→ λ˜∗ as in (6.10). The large N limit here is very different from that which interpolates
14A UV fixed point for large N was also proposed in [59, 60]. However [61, 62] showed for N →∞ and
d = 3, when the β-function vanishes, that a one loop effective potential was bounded below only when
η = 8pi2λ˜ ≤ 16pi2 or λ˜ ≤ 2. The UV fixed point in (6.12) for ε = 0 is then in an unstable regime and is no
longer relevant in this limit and there is a new scale invariant fixed point at λ˜ = 2. The situation for large
but finite N is less clear [63].
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between four and six dimensions.15 Only a finite number of terms contribute to any given
order in 1/N for fixed Nε. As is clear from (6.10) the O(N) tricritical IR fixed point is not
present for Nε > 36
pi2
. As argued in [66] there is a critical line N = Nc(d) which involves
another fixed point and [66] showed Nc(d) ∝ 1/ε as ε → 0. With tensorial scalar fields
transforming under O(N)5 there may be large N limiting theories which may be analysed
directly [67].
For two flavours the discussion in sections 2, 3 can be extended by taking a general
potential of the form
V (φ) = 16!
(
λ1 φ1
6 + λ2 φ2
6
)
+ 12×4!
(
g1 φ1
4 φ2
2 + g2 φ1
2 φ2
4
)
+ 15!
(
h1 φ1
5 φ2 + h2 φ1 φ2
5
)
+ 1
3!2
hφ1
3 φ2
3 , (6.16)
with seven couplings GI = (λ1, λ2, g1, g2, h1, h2, h). Decomposing into representations of
O(2) give
I1 = λ1 + λ2 + 3 g1 + 3 g2 , v6 =
(
1
2
(
λ1 − λ2 − 15(g1 − g2)
)
3(h1 + h2)− 10h
)
,
v2 =
(
1
2
(
λ1 − λ2 + g1 − g2
)
h1 + h2 + 2h
)
, v4 =
(
1
4
(
λ1 + λ2 − 5(g1 + g2)
)
h1 − h2
)
, (6.17)
where I1 is an invariant and v2, v4, v6 are two-vectors transforming as in (3.9). The O(2)
invariant theory as in (6.4) corresponds to taking v2 = v4 = v6 = 0 implying h1 = h2 = h = 0,
λ1 = λ2 = 5g1 = 5g2 = 15λ. In a similar fashion to (3.3) there are five O(2) invariants, in
addition to I1, which can be constructed from v2, v4, v6 using the transformation (2.11).
Imposing restrictions on the O(2) representation space formed by the couplings may
reduce the RG flow to a sub manifold. Thus setting v2 = v4 = 0 gives, since tensor products
of v6 cannot generate vectors transforming as v2, v4,
βI(G) = GI a(g1 + g2, h
2 − g1g2) +G0I b(g1 + g2, h2 − g1g2) ,
GI = (2g1 + 3g2, 3g1 + 2g2, g1, g2, −h ,−h, h) , G0I = (5, 5, 1, 1, 0, 0, 0) , (6.18)
where g1 + g2, h
2 − g1g2 are two O(2) invariants formed from I1, v62. Due to the restriction
on the representations of the couplings the anomalous dimension matrix is diagonal and we
must have
γij = γ
(
g1 + g2, h
2 − g1g2
)
δij . (6.19)
15However with the large N dependence assumed above there might be an alternative large N limit where
λ′ = N
3
2 λ [64] and βλ′ = −2ε λ′ + λ′f(λ′2) + O(N− 12 ) where f(λ′2) = − 12pi2λ′2 + . . . . For ε < 0 there is a
UV fixed point in which λ′∗ ∼
√
− 4
pi2
ε+ O(ε). The positive square root is chosen to ensure a stable potential
and this fixed point is identical with (6.12) continued to ε < 0 and taking −Nε 1. In [65] it was suggested
that f(λ′2) should have a zero leading to an IR fixed point in the vicinity of three dimensions. Such a fixed
point is not accessible with perturbative arguments but is motivated by the requirement that the UV fixed
point should be annihilated by merging with an IR point for some 0 < −ε < 1 so as to ensure a trivial theory
in four dimensions.
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Perturbatively
a(x, y) = − 2 ε+ 403 x−
(
5536
15 + 45pi
2)x2 + 1615 y ,
b(x, y) = 43(3x
2 + 4 y)− x(15(12 + pi2)x2 + 4(74 + 9pi2) y) ,
γ(x, y) = 145
(
7x2 + 8 y
)
. (6.20)
For a(x, y) = b(x, y) = 0 we must take y = −34 x2 + O(x3) and at the fixed point then to
O(ε2)
x∗ = 320 ε+
9×1387
20000 ε
2 + 3
5
3200 pi
2 ε2 , y∗ = − 271600 ε2 . (6.21)
However for real couplings h, g1, g2 we must have −y ≤ 14 x2 so this solution is not possible
for this case
A similar reduction holds if v2 = v6 = 0. In this case
βI(G) = GI a(λ1 + 3g1, y) +G
0
I b(λ1 + 3g1, y) , y = h1
2 − (λ1 − g1)g1 ,
GI = (λ1, λ1, g1, g1, h1 ,−h1, 0) , G0I = (5, 5, 1, 1, 0, 0, 0) , (6.22)
with λ1 + 3g1, y invariants formed from I1, v4
2. Perturbative results give
a(x, y) = − 2 ε+ 203 x− 130
(
2248 + 225pi2)x2 − 15
(
848 + 75pi2
)
y ,
b(x, y) = 4 y − 2(28 + 3pi2)x y . (6.23)
The fixed point is realised to this order at
y∗ = 0 , x∗ = 310 ε+
9
20000(2248 + 225pi
2)ε2 . (6.24)
The constraint y = 0 can be realised by taking h1 = g1 = 0 which corresponds to two
decoupled theories or by taking h1 = 0, λ1 = g1, so that λ1 + 3g1 = 4g1, which gives an
equivalent theory. The anomalous dimension is again necessarily diagonal
γij = γ
(
λ1 + 3g1, h1
2 − (λ1 − g1)g1
)
δij , (6.25)
and from (6.3) to lowest order
γ(x, y) = 190
(
x2 + 6 y
)
. (6.26)
For both (6.18) and (6.22) there is a fixed point when GI ∝ G0I giving the O(2)
invariant theory. In the first case it is necessary to take g1 = g2, h = 0, so that in (6.20)
x = 2g1, y = −g12, and in the second case h1 = 0, λ1 = 5g1, and in (6.23) x = 8g1, y = −4g12.
The results can be reduced to βλ for λ1 = 5g1 = 15λ and agrees with (6.5) and (6.7) for
N = 2 and (6.20), (6.26) both give γ = 4λ2 in agreement with (6.6) when N = 2.
In a similar fashion to four dimensions we may consider perturbations by operators
dijklmnφ
iφjφkφlφmφn and φ2dijklφ
iφjφkφl with dijklmn, dijkl symmetric and traceless. For
the former to lowest order at the O(N) symmetric fixed point κ = ∆− d = −2(3N+2)3N+22 ε, so
this is always relevant. For the latter κ = −2(N−14)3N+22 ε so this is also relevant when N > 14.
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As an example we consider a breaking O(N)→ SN nZ2N , where, for a closed RG flow, it is
necessary to introduce two additional couplings
V (φ) = 148 λ (φ
2)3 + 148 g φ
2∑
i φi
4 + 16! h
∑
i φi
6 . (6.27)
The β-functions may be read off from (6.1),
βλ = − 2ε λ+ 4
(
(3N + 22)λ2 + 12λ g + g2
)
,
βg = − 2ε g + 4
(
2(N + 18)λ g + 2λh+ 13 g2 + 23 g h
)
,
βh = − 2ε h+ 20
(
4λh+ (N + 32) g2 + 8 g h+ 13 h
2
)
. (6.28)
As a consequence of the SN nZ2N symmetry the anomalous dimension matrix is proportional
to δij and (6.6) is extended to
γ(4) = 16(N + 2)(N + 4)λ
2 + (N + 4)λ g + 16(N + 14) g
2 + 13(λ+ g)h+
1
90 h
2 . (6.29)
For this theory there is of course a fixed point with O(N) symmetry for g∗ = h∗ = 0 and
where λ∗ is given by (6.8). For this the stability matrix from (6.28) becomes
M = −2ε1 + 8λ∗
3N + 22 0 06 N + 18 0
0 1 10
 . (6.30)
The eigenvalues are 2ε, − N−143N+22 2ε, − 3N+23N+22 2ε with left eigenvectors
(
1 0 0
)
,
(− 3N+2 1 0),(
2
(N+8)(N+2) − 1N+8 1
)
respectively. In consequence there is always a relevant operator and
the O(N) fixed point is unstable. When N = 2 the three terms in (6.27) are not independent,
in comparison with (6.16) λ1 = λ2 = 15(λ + g) + h, g1 = g2 = 3λ + g with the other
couplings, which break the reflection symmetry under φi → −φi, zero. For this case (6.29)
gives γ(4) = 190 λ1
2 + 16 g1
2.
There is a trivial decoupled fixed point for λ∗ = g∗ = 0, h∗ = 310 ε. In this case
M = −2ε1 + 8h∗
0 1 100 13 20
0 0 53
 , (6.31)
with eigenvalues 2 ε, −65 ε, −2 ε with eigenvectors (0, 0, 1), (0, 1, −15), (1,−3, 30).
Other fixed points for non zero λ, g, h can be found if we define x = g/λ, y = h/λ and
then from (6.28) we must require
F (x, y) ≡ (x2 − x+N − 14)x− 23(x+ 3)y = 0 ,
G(x, y) ≡ (x2 − 28x+ 3N + 2)y − 5(N + 32)x2 − 53y2 = 0 . (6.32)
For x = −3 then the first equation is satisfied for N = 2 and then the second equation
determines y = 30, 1533 . These give λ∗ =
1
2ε, g∗ = −32ε, h∗ = 15ε, 1535 ε implying in (6.16)
with h = h1 = h2 = 0 fixed points for λ1, g1 = 0, 0 and 0,
3
10ε respectively. For x 6= −3 then
F (x, y) = 0 may be solved for y and G(x, y) determines a quintic polynomial whose zeros
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determine the non zero x giving rise to fixed points. For N = 2 this gives x = −83 and hence
y = 803 and then λ∗ =
9
56ε, g∗ = −37ε, h∗ = 307 ε. This corresponds to taking λ1 = 5g1 = 1556ε
which is the O(2) fixed point. For large N the quintic has three real roots with x = ±13N
1
2
and x = −18, correspondingly y = 53N and y = 95N , giving fixed points
λ∗ = 956N ε, g∗ = ± 356√N ε, h∗ =
15
56ε ,
λ′∗ = 16N ε, g
′∗ = − 3N ε, h′∗ = 310ε . (6.33)
The stability matrices at these fixed points, to leading order in N , are given by
ε
7
 13 ±3
√
N 0
±3/√N 0 ±15√N
0 ±1/√N 11
 , 2ε
1 −545 120 115 −36
0 0 1
 , (6.34)
with eigenvalues 2ε, 17(5 ±
√
46)ε and 2ε, 2ε, 215ε, which is therefore stable, respectively.
However for 2 < N < 14035 there is just one real root, corresponding to x ≈ 13N
1
2 , y ≈ 53N
as N becomes large, and in this case there is no stable fixed point.
For the RG flow there is a corresponding a-function (results for theories with fermions
are contained in [68, 69]) given by
A = N
(
5(N + 2)(N + 4)(λβλ − ε λ2) + 5(N + 14)(g βg − ε g2) + 13(hβh − ε h2)
+ 15(N + 4)(λβg + g βλ − 2 ελ g)
+ 5(λβh + hβλ + g βh + hβg − 2 ε λh− 2 ε gh)
)
, (6.35)
with βλ, βg, βh given by (6.28). This satisfies∂λ∂g
∂h
 A = N
15(N + 2)(N + 4) 45(N + 4) 1545(N + 4) 15(N + 14) 15
15 15 1
βλβg
βh
 , (6.36)
and so A decreases under RG flow towards IR fixed points as the effective metric on the
couplings λ, g, h is positive definite for N > 2, for N = 2 the metric has a zero eigenvalue
reflecting the redundancy of the couplings λ, g, h. From (6.36) and (6.29) the lowest order
results satisfy
A
∣∣
βλ=βg=βh=0
= −56 N γ(4)ε . (6.37)
For the O(N) and decoupled fixed points corresponding to (6.30) and (6.31)
AO(N) = −
5N(N + 2)(N + 4)
4(3N + 22)2
ε3 , Adecoupled = − 3N
100
ε3 . (6.38)
In the large N limit corresponding to (6.33)
A∗ = −75N
448
ε3 , A∗′ = −38N
225
ε3 < A∗, AO(N) = −
5N
36
ε3 . (6.39)
In section 5 we considered theories in 4 − ε dimensions based on a potential of the form
(3.1).
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7 Multiple Couplings in 4− ε Dimensions
The discussion of possible fixed points becomes tractable by limiting the number of fields
or the number of couplings. In section 5 we considered theories in 4− ε dimensions based
on a potential of the form (3.1) which had two couplings. There are many examples in
the literature in which theories with three couplings are considered in the ε-expansion
[46, 70, 71, 72, 73]. For such examples V can be expressed as a sum of terms involving
symmetric traceless tensors du,ijkl as well as an O(N) symmetric term then the treatment
in section 5 may be straightforwardly extended with couplings {λ, gu}, u = 1, . . . , p. For the
theory to be closed under RG flow we modify (5.2) to
du,ijmn dv,klmn =
1
N−1 auv
(
1
2N(δikδjl + δilδjk)− δijδkl
)
+ buv
w dw,ijkl , (7.1)
where [auv] is positive definite and
buvw = buv
xaxw = b(uvw) . (7.2)
It is convenient to use auv, and its matrix inverse, to lower and raise indices for the couplings
{gu}. Of course (7.1) may be extended as in (5.63), but this is not pursued here.
The lowest order β-functions are just a simple modification of (5.10)
βλ = − ε λ+ (N + 8)λ2 + g2 , g2 = auv gugv ,
βg
u = − ε gu + 12λ gu + 3 gvgw bvwu , (7.3)
and associated a-function from (5.11) becomes
A = N(N + 2)
(− 32 ε λ2 − 14 ε g2 + (N + 8)λ3 + 3λ g2 + 12 buvw gugvgw) . (7.4)
At two loops we can easily extend (5.26) to the multi-coupling case and also at three loops
(5.31) with an appropriate generalisation of (5.30). The couplings (g1, . . . , gp) ∈ Rp define a
vector space spanned by the polynomials du,ijklφ
iφjφkφl. If there is a subspace V ⊂ Rp such
that for any gu, g′v ∈ V then gug′v buvw ∈ V the RG flow may be restricted to couplings
belonging to V .
It is easy to see that there are no fixed points with λ∗ = 0 other than the trivial Gaussian
one. Hence it is sufficient to consider xu = gu/λ. Under RG flow from (7.3) to lowest order
d
dt
λ = λ
(
ε− λ fλ(x)
)
,
d
dt
xu = λ fu(x) , (7.5)
where
fλ(x) = N + 8 + x
2 , fu(x) = (N − 4 + x2)xu − 3 bvwuxvxw . (7.6)
Higher order contributions in (7.5) involve contributions at ` loops of the form λ`+1f`,λ(x) and
λ`f`
u(x). Perturbative fixed points are then obtained iteratively by first solving fu(x∗) = 0
giving λ∗ = ε/fλ(x∗) + O(ε2).
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At any fixed point, where the lowest order β-functions in (7.3) vanish, there is a similar
bound to (5.21)
A∗ = − 12N(N + 2)
1 + 16 x∗
2
(N + 8 + x∗2)2
ε3 ≥ − 148 N ε3 = A∗bound ,
x∗u = g∗u/λ∗ , x∗2 = auv x∗ux∗v . (7.7)
Any {λ, gu} such that A < − 148 N ε3 cannot then flow to a fixed point accessible in the
ε-expansion. The bound in (7.7) arises when
x∗2 = N − 4 , (7.8)
and so requires N > 4. To analyse this further we consider the stability matrix at the fixed
point
M =
(
−ε+ 2(N + 8)λ∗ 12 g∗v
2 g∗u (−ε+ 12λ∗)δuv + 6 buwvg∗w
)
. (7.9)
The eigenvalue problem may be simplified by noting that
M
(
λ∗
1
6 g∗v
)
= ε
(
λ∗
1
6 g∗u
)
,
(
λ∗ g∗u
)
M = ε
(
λ∗ g∗v
)
, (7.10)
so that ε is always an eigenvalue for this class of theories, and also
M
(−g∗wvw
λ∗ vv
)
= κ
(−g∗wvw
λ∗ vu
)
,
(−16 uug∗u λ∗ uu)M = κ (−16 uug∗u λ∗ uv) , (7.11)
where κ and vr, u
r are solutions of the reduced eigenvalue problems
− λ∗ ∂uf s(x∗)vv = κ vu , −λ∗ uu∂ufv(x∗) = κuv , (7.12)
for fu(x) given in (7.6) and where x∗ is determined by fu(x∗) = 0, corresponding to a fixed
point where (7.3) vanish. The results (7.10) and (7.11) with (7.12) generalise (5.20) in the
two coupling case. In general there are p eigenvalues κ and associated eigenvectors. To
verify (7.11) it is necessary to show that (7.12) implies
λ∗
(
4−N + x∗2
)
x∗uvu = κx∗uvv . (7.13)
In consequence when (7.8) is satisfied there is a zero eigenvalue of the stability matrix as
expected when two fixed points annihilate.
Assuming λ∗ > 0 it is easy to see that stable fixed points correspond to finding local
maxima of
F (x) = 12(N − 4)x2 + 14 (x2)2 − brst xrxsxt . (7.14)
For N < 4 manifestly there is a maximum at x = 0. In general when N > 4 and the origin
is a minimum and F (x∗) = 16(N − 4)x∗2 − 112(x∗2)2 ≤ 112(N − 4)2. The function F (x) on
Rp can reduced to one on Sp ' Rp ∪ {∞} by modifying F (x) for very large x2 so that as
x→∞ F (x)→ C, a finite constant, and then F (∞) becomes the maximum of F . On Sp
F (x) is a smooth bounded function with at least one maximum and one minimum. We
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may use baby Morse theory to constrain the stationary points of F (in embryonic form
analogous results were found in [74, 75]). Assuming F has Ct stationary points at finite
x with non degenerate Hessians and t = 0, 1, . . . , p negative eigenvalues (C0, Cp are the
number of minima, maxima) then
Ct − Ct−1 + · · ·+ (−1)tC0 ≥ (−1)t , t < p ,
∑p
t=0(−1)tCt + (−1)p = 1 + (−1)p , (7.15)
where we add in the second identity the contribution of the maxima at infinity separately.
A perfect Morse function on Sp, saturating the inequalities in (7.15), has just one minimum
and one maximum and no other stationary points. This is realised if there is just a single
minimum for finite x in (7.14) giving C0 = 1, Cp = 0. If bmax = max(brst e
reset)|e2=1
this holds if N > 4 and bmax
2 < 49(N − 4). For a stable fixed point it is necessary that
Cp ≥ 1. If a new fixed point is generated by varying the parameters this must correspond to
∆Cq = ∆Cq+1 = 1 for some q.
As an illustration we may consider a theory [76, 70] with p = 2 where φi = (ϕr, ψr),
r = 1, . . . , n, N = 2n, ϕ2 =
∑
rϕr
2, ψ2 =
∑
r ψr
2, by taking
d1,ijklφiφjφkφl =
∑
r
(
ϕr
4 + ψr
4
)− 3
2(n+ 1)
(
ϕ2 + ψ2
)2
,
d2,ijklφiφjφkφl =
∑
r
2ϕr
2 ψr
2 − 1
2(n+ 1)
(
ϕ2 + ψ2
)2
. (7.16)
This extends the cubic fixed point theory where both expressions in (7.16) have the symmetry
Sn nD4n, with the order 8 dihedral group D4 generated by (ϕr, ψr)→ (−ϕr, ψr), (ψr, ϕr).
By considering pi/4 rotations of (ϕr, ψr) theories related by transformations of the
couplings of the form (
g1 g2
) → (g1 g2)(12 32
1
2 −12
)
, (7.17)
are equivalent. It is straightforward to obtain ars = asr, brs
t = bsr
t in (7.1) for this case
which are given by16
a11 =
2n− 1
2(n+ 1)2
, a12 = − 1
2(n+ 1)2
, a22 =
2n+ 1
6(n+ 1)2
,
b11
1 =
n− 1
n+ 1
, b11
2 = 0 , b12
1 = − 1
3(n+ 1)
, b12
2 =
n− 2
3(n+ 1)
, b22
1 =
1
9
, b22
2 =
2(2n− 1)
9(n+ 1)
.
(7.18)
16For this case there is a single w-tensor given by
wijklφ
iφjφ′kφ′l =
∑
r
(
ϕr
2ψ′r
2 + ψr
2ϕ′r
2 − 2ϕrϕ′rψrψ′r
)− 1
2n−1
(
(ϕ2 + ψ2)(ϕ′2 + ψ′2)− (ϕ · ϕ′ + ψ · ψ′)2) ,
and (5.63) is valid with e11 = 0, e12 = e21 =
2
9
, e22 = − 427 . Extending (5.65) we obtain h11 = 12n−1 , h12 =
1, h2
1 = 1
3
, h2
2 = − 4n−5
3(2n−1) , f1 =
2n−1
3(n+1)
, f2 =
2n−1
9(n+1)
and a′ = 3(n−1)
(n+1)(2n−1) , b
′1 = b′2 = 1, e′ = − 2n−7
3(2n−1) .
These satisfy the corresponding version of (5.66).
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These results satisfy (7.2). The functions fu(x1, x2) in (7.6) are given by
f1(x, y) = 1
(n+1)2
(
1
2(2n− 1)x2 + 16(2n+ 1)y2 − x y
)
x
+ 1n+1
(
2 y − 3(n− 1)x)x− 13 y2 + 2(n− 2)x ,
f2(x, y) = 1
(n+1)2
(
1
2(2n− 1)x2 + 16(2n+ 1)y2 − x y
)
y
− 1n+1
(
2(n− 2)x+ 23(2n− 1)y
)
y + 2(n− 2)y , (7.19)
Finding fixed points by solving the two cubics f1(x1, x2) = f2(x1, x2) = 0 gives seven
solutions which, at lowest order in the ε-expansion, are given by
(x∗1, x∗2) = (0, 0) ,
(2, 0)(n+ 1) , (1, 3)(n+ 1) ,
(2, 0) (n−2)(n+1)2n−1 , (1, 3)
(n−2)(n+1)
2n−1 ,
(1, 1)32(n+ 1) , (1, 1)
(n−2)(n+1)
n−1 ,
−[λ∗ ∂rf s] = − ( 1 00 1 ) n−2n+4 ε ,
− ( 1 00 1 ) 13 ε , − ( 1 00 1 ) 13 ε ,( 1 0
−2/(2n−1) −1
)
n−2
3n ε ,
(−n−1 3(n−2)
n n+1
)
n−2
3n(2n−1) ε ,
− ( 1 31 −1 ) 110 ε , ( 1 00 1 ) n−25n−4 ε ,
(κ1, κ2) = − (1, 1)n−2n+4 ε ,
− (1, 1)13 ε , − (1, 1)13 ε ,
(1, −1)n−23n ε , (1, −1)n−23n ε ,
(1, −1)15 ε , (1, 1) n−25n−4 ε ,
A∗ = − n(n+1)2(n+4)2 ε3 = 124n
(−1 + (n−2)2
(n+4)2
)
ε3 ,
− n27 ε3 − n27 ε3 ,
− (n+1)(2n−1)54n ε3 = 124n
(−1 + (n−2)2
9n2
)
ε3 , − (n+1)(2n−1)54n ε3 ,
− n25 ε3 − (n−1)n(2n−1)2(5n−4)2 ε3
= 124n
(−1 + (n−2)2
(5n−4)2
)
ε3 . (7.20)
There are therefore seven non trivial fixed points such that in (7.15) C0 = C1 = 3, C2 = 1.
The first fixed point is the usual O(2n) invariant Heisenberg fixed point, the second two
are equivalent under (7.17) and correspond to N decoupled Ising models, the next two are
also equivalent and represent the hypercubic fixed point discussed in the two coupling case.
The last two fixed points are not equivalent since each is invariant under (7.17). In this case
the d-terms combine to
∑
r(ϕr
2 + ψr
2)2 − 2n+1 (ϕ2 + ψ2)2 and the symmetry is enhanced to
Sn nO(2)n. These fixed points are identical to the M N theory starting from (5.94) when
m = 2, the results for A∗ are identical to (5.103) with m = 2. The final fixed point is stable
and has the least value of A∗. Results for the stability matrix eigenvalues for each fixed point
above are given to three loop order in [72], of course for equivalent theories the expressions
are the same. All the fixed points in this three coupling theory correspond to ones obtained
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by RG flow starting from the trivial Gaussian fixed point in just single or double coupling
theories.
An extension to models with arbitrarily many couplings which have stable fixed points
can be achieved by adapting results due to Michel [77] to the formalism described here (a
related discussion is contained in [78]). We take φi = ϕa1,...,ap, r, au = 1, 2, . . . ,mu, where
r = 1, . . . , n and u = 1, . . . , p and define
du,ijklφiφjφkφl =
∑
au+1,...,ap,r
(∑
a1,...,au
ϕa1,...,ap, r
2
)2 − Mu + 2
N + 2
(
ϕ2
)2
,
Mu =
∏u
1 mv , N =
∏p
1 mu n , mu ≥ 2 if u > 1 . (7.21)
This is invariant under SN/Mu nO(Mu)N/Mu ∈ O(N). There are then p couplings gu which,
along with λ, define a closed manifold under RG flow. Each (m1, . . . ,mp) represents a
different theory with different symmetries although as will be shown they may flow to
common fixed points. For m1 = 1, m2 = 2 d1, d2 are equivalent to (7.16), the couplings are
related to the previous case by g1 → g1 − g2, g2 → g2. Scalar potentials formed by linear
combinations of terms of the form (7.21) include various theories which have been considered
in the literature. In (7.1) the non zero contributions are given by
auv = avu =
2(Mu + 2)(N −Mv)
3(N + 2)2
, v ≥ u , (7.22)
and
buv
u = bvu
u =
2(N −Mv)
3(N + 2)
, buv
v = bvu
v =
(N − 4)(Mu + 2)
9(N + 2)
, v > u ,
buu
u =
1
9(N + 2)
(
(N − 4)(Mu + 2) + 6(N −Mu)
)
. (7.23)
It is easy to verify (7.2).
From (7.6)
fu(x) = xu
(
N − 4 + x2 − 13(N+2)
(
(N − 4)Y u + 6Xu)) ,
Xu = (N −Mu)xu + 2
∑
v>u(N −Mv)xv , Y u = (Mu + 2)xu + 2
∑
v<u(Mv + 2)x
v ,
x2 = 2
3(N+2)2
∑
u(Mu + 2) x
uXu . (7.24)
Hence the fixed points at lowest order in ε are given by
xu = 0 or N − 4 + x2 − 13(N+2)
(
(N − 4)Y u + 6Xu) = 0 for each u . (7.25)
Setting all xu to zero gives the O(N) symmetric Heisenberg fixed point. If xu1 , xu2 , . . . , xuq ,
u1 < u2 < · · · < uq, q ≤ p, are non zero, solutions of the fixed point equations can be found
by taking
x∗ui =
1
B
(N − 4)(N + 2)
2(Mui − 4)
(−1)i , i = 1, . . . , q , (7.26)
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where B satisfies
B2 +
(
1
6(N + 2)− 2Sq
)
B = − 16(N − 4)
q∑
i=1
Mui + 2
Mui − 4
(
N −Mui
Mui − 4
+ 2
∑
j>i
(−1)i+jN −Muj
Muj − 4
)
= 16(N + 2)Sq − Sq2 , Sq =
q∑
i=1
(−1)i N −Mui
Mui − 4
. (7.27)
In consequence there are two solutions for B
B1 = Sq , B2 = Sq − 16(N + 2) , (7.28)
giving at the fixed point
λ∗1 =
6Sq
12Sq −N + 4
1
N + 2
ε , λ∗2 =
6Sq −N − 2
12Sq −N − 8
1
N + 2
ε . (7.29)
For stability it is necessary that λ∗1 or λ∗2 are positive, thus for the first fixed point, assuming
N > 4,
Sq < 0 or 12Sq > N − 4 . (7.30)
With the solution given by (7.26) we have
q∑
i=1
(Mui + 2)x∗
ui =
3
B
(N + 2)
{
Sq − 16(N + 2) , q odd ,
Sq , q even ,
. (7.31)
Choosing the appropriate solution in (7.28) we then have
∑q
i=1 (Mui + 2)x∗
ui = 3(N + 2).
Given the form (7.21) this ensures that the
(
ϕ2
)2
term in V is then cancelled at this fixed
point. In consequence the fixed point corresponds to N/Mq decoupled theories.
For the two cases in (7.28)
A∗1 =
(( N − 4
12Sq −N + 4
)2 − 1)N
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ε3 , A∗2 =
(( N − 4
12Sq −N − 8
)2 − 1)N
48
ε3 . (7.32)
In general Mu1 < Mu2 < · · · < Muq < N so that if Mu1 > 4 then Sq < 0. For Sq > 0 it is
necessary that Mu1 < 4 requiring m1 < 4. For q even
Sq = (N − 4)
q∑
i=1
(−1)i 1
Mui − 4
. (7.33)
Besides the Heisenberg fixed point there are for each q = 1, . . . , p
(
p
q
)
choices and hence
2(2p− 1) fixed points with some non zero x∗i. These results for p = 1 are identical to (5.100)
and (5.103) for m1 → m.
For each fixed point given by (7.26) and (7.28), q = 1, . . . , p we may determine the p
eigenvalues of the stability matrix by solving (7.12) with (7.24). The results take the simple
form for the two cases in (7.28)
κ1 =
N − 4
12Sq −N + 4
(
1p−t,−1t
)
ε , κ2 =
N − 4
12Sq −N − 8
(
1p−t−1,−1t+1
)
ε . (7.34)
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The number of negative modes is given by
t =
{
p− u1 + u2 − · · · − uq , q odd ,
u2 − u1 + · · ·+ uq − uq−1 − 1 , q even .
(7.35)
Thus for q = 1, t = p−u1, for q = 2, t = u2−u1−1 and for q = p, t = b12(p−1)c. Assuming
12Sq > N − 4 then A∗1 < A∗2 and λ∗1 corresponds to a stable fixed point in this multi
coupling theory when t = 0. This is possible only for q = 1 or 2 when u1 = p or u2 = u1 + 1
respectively. For Sq < 0 a stable fixed point arises for t+ 1 = p and A∗2 < A∗1. It is then
necessary to take q = 1, u1 = 1 and m1 > 4. For q = 1, u1 = p, so that only x∗p is non zero,
N − 4
12Sq −N + 4 =
(N − 4)(4−Mp)
8N + (N − 16)Mp + 16 , (7.36)
so that this positive for Mp = 1, 2, 3 which may be realised when p = 2 for m1 = 1, m2 = 2, 3.
If q = 2, u2 = u1 + 1 then
N − 4
12Sq −N + 4 =
(4−M1)(4−M2)
16M1 − 8M2 −M1M2 − 16 , (7.37)
and for positivity we may take M1 < 4, M2 > 4. For p = 2 and m1 = 1, m2 = 2, 3 this is
negative in accord with the result that there should be just one stable fixed point. It is easy
to verify that these results are in accord with (7.20) when m1 = 1, m2 = 2.
8 Conclusion
Finding fixed points in the ε-expansion is hardly terra incognita, nevertheless there is
as yet no mappa mundi. At one level this amounts to determining quartic, or cubic
or sextic, polynomials in N variables invariant under all possible subgroups of O(N ).
Nevertheless understanding RG flows between different fixed points depends to a large
extent on constructing an a-function which decreases monotonically under RG flow. Here
we considered just the lowest order expression although this can be extended, at least
perturbatively, to higher orders. The discussions here suggest that fixed points are stable
against RG flow to other fixed points near a bifurcation point. However the RG flow may
also lead to a decreasing indefinitely, leading in unitary theories to a trivial IR limit such as
when all fields are massive.
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A Bifurcations of Fixed Points in 6− ε Dimensions
The discussion of fixed points for the O(N) theory may be extended to higher orders using
results for the two and three loop β-functions. To three loop order the fixed points as
functions of N are determined by solving
f(x) + g2f2(x) + g
4f3(x) = 0 , g
2fg(x) + g
4fg2(x) =
1
2 ε , (A.1)
with fg(x), f(x) defined in (4.8), (4.9) and from the two and three loop β-functions
f2(x) =
1
108
(
(−26x3 + 78x2 + 220x+ 18)N + (97x4 − 6x3 − 157x2 − 90x− 134)x) ,
fg2(x) = − 1432
(
(11x2 − 132x+ 86)N − 13x4 + 24x3 + 628x2 + 360x+ 536) ,
f3(x) =
1
31104
(
(−1185x3 + 16974x2 − 59542x+ 41544)N2
+ (−9884x5 − 10752x4 + 218830x3 − 24408x2 + 109456x+ 51336)N
+ (52225x6 − 16806x5 − 4980x4 − 48888x3 − 179240x2 − 9000x− 125680)x)
+ 112
(
(−12x3 + 23x2 + 66x− 22)N + 7x6 + 6x5 − 12x4 − 24x3 + 8x2 − 36x− 4)x ζ3 .
(A.2)
To this order finding fixed points is equivalent to solving
f(x) + ε F2(x) + ε
2 F3(x) = 0 , F2(x) =
f2(x)
2 fg(x)
, F3(x) =
f3(x)
4 fg(x)2
− f2(x) fg2(x)
4 fg(x)3
.
(A.3)
For a fixed point the ε-expansion
x∗ = x1 + x2 ε+ x3 ε2 + O(ε3) , f(x1) = 0 , (A.4)
is then given by
x2 = −F2(x1)
f ′(x1)
, (A.5)
and
x3 = − 1
f ′(x1)
(
F3(x1) + F2
′(x1)x2 + 12 f
′′(x1)x22
)
. (A.6)
The ε-expansion breaks down when two fixed points collide since then f ′(x1)→ 0. If x∗±
are fixed points which coincide when N → Ncrit then near the bifurcation point x∗+ + x∗−
is regular but for the difference the ε-expansion may be modified to the form
x∗+ − x∗− ≈ x1+ − x1−√
d(N)
(
d(N) + d1(N) ε+ d2(N) ε
2
) 1
2 , (A.7)
where
d(N) = 1324
(
5N3 − 5196N2 + 4848N + 464) , (A.8)
is the discriminant for the cubic f(x), for d(N) > 0 there are three real roots. When
x1+ → x1− for N → N1 then d(N1) = 0 and f ′(x1+) ∼ −f ′(x1−)→ 0. By comparing with
the ε-expansion
d1(N) = 2 d(N)
x2+ − x2−
x1+ − x1− , d2(N) = 2 d(N)
x3+ − x3−
x1+ − x1− +
d1(N)
2
4 d(N)
. (A.9)
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Crucially d1(N), d2(N) are finite as N → N1, although the two terms in d2(N) separately
have poles. Hence
Ncrit = N1 +N2 ε+N3 ε
2 + O(ε3) , d(N1) = 0 , (A.10)
where
N2 = −d1(N1)/d′(N1) , N3 = −
(
d2(N1) + d1
′(N1)N2 + 12 d
′′(N1)N22
)
/d′(N1) . (A.11)
For the three roots of d(N) = 0 the above formalism gives
Ncrit = 1038.266− 609.840 ε− 364.173 ε2 ,
Ncrit = 1.021453 + 0.0325306 ε− 0.0016301 ε2 ,
Ncrit = − 0.0875026 + 0.3472646 ε− 0.8827372 ε2 . (A.12)
The results agree precisely with [23]. Correspondingly, extending (4.10),
x∗crit = 8.74532− 0.125786 ε+ 0.93833 ε2 ,
x∗crit = 1.103394 + 0.0676068 ε− 0.022110 ε2 ,
x∗crit = − 0.24872 + 0.70563 ε2 − 1.60777 ε2 . (A.13)
B Alternative Fixed Points in 4− ε Dimensions
We here discuss perturbations of the O(N) theory by operators 14 φ
2dijφ
iφj with dij sym-
metric and traceless. At the O(N) fixed point this is not relevant but we find new fixed
points by considering a potential
V (φ) = 18 λ (φ
2)2 + 14 g φ
2dijφ
iφj + 18 h (dijφ
iφj)2 , (B.1)
where dij satisfies (4.2) to ensure a closed RG flow. The one loop β-functions are then
βλ = − ε λ+ (N + 8)λ2 + (N + 16) g2 + 4 (λ+ h+ b g)h ,
βg = − ε g + (N + 16) g(λ+ h) + 8 b g2 + 6 b h2 + 2 b (λ+ b g)h ,
βh = − ε h+ (N + 4 + 8 b2)h2 + (N + 16)g2 + 12λh+ 28 b gh . (B.2)
A simpler form is obtained by taking b = α− 1/α with α = √ nm , N = m+ n and defining
g1 = λ+ 2α g + α
2 h , g3 = λ− 2α g + 1α2 h , g2 = λ+ (α− 1α) g − h , (B.3)
and with ϕ = δ+φ, ψ = δ−φ, φ2 = ϕ2 + ψ2, dijφiφj = αϕ2 − 1/αψ2, using definitions in
(4.30),
V (φ) = 18 g1 (ϕ
2)2 + 18 g3 (ψ
2)2 + 14 g2 ϕ
2ψ2 , (B.4)
and the lowest order β-functions become
βg1 = − ε g1 + (m+ 8) g12 + n g22 ,
βg3 = − ε g3 + (n+ 8) g32 +mg22 ,
βg2 = − ε g2 +
(
(m+ 2) g1 + (n+ 2) g3
)
g2 + 4 g2
2 . (B.5)
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Positivity of V requires g1, g3 > 0 and g1g3 > g2
2. The theory described by (B.4) was
considered previously in [79, 80, 81] and more recently in [82]. Two and three loop results
for anomalous dimensions and β-functions are given in an ancillary file.
Under RG flow the h coupling plays the crucial role in obtaining IR fixed points. This
term may be expressed in terms of a symmetric traceless 4-tensor
dijklφiφjφkφl = (dijφ
iφj)2 − 4N+4 b φ2dijφiφj − 2N+2 (φ2)2 , (B.6)
which becomes relevant for N > 4. Manifestly for g2 = 0 there are two decoupled theories
with O(m) and O(n) symmetry and, apart from the Gaussian fixed point, there are fixed
points with (g1∗, g3∗) = ( 1m+8 , 0)ε, (0,
1
n+8)ε, (
1
m+8 ,
1
n+8)ε. The eigenvalues of the stability
matrix are in each case (1, −1, − 6m+8)ε,
(
1, −1, − 6n+8
)
ε and
(
1, 1, (m+2)(n+2)−36(m+8)(n+8)
)
ε. The
last case is then stable for m = 1, n > 10, m = 2, n > 7, m = 3, n > 5, m = 4, n > 4 and
also with m↔ n. When (m+ 2)(n+ 2) < 36 ϕ2ψ2 is a relevant operator at the decoupled
O(m)×O(n) fixed point. For these fixed points the anomalous dimension matrix (γφ)ij is
no longer proportional to the unit matrix but has two eigenvalues, either zero or γϕ, γψ for
the O(m), O(n) symmetric theories.
For g2 6= 0 there is the O(N) symmetric fixed point with g1∗ = g2∗ = g3∗ = 1N+8 ε for
which the stability matrix eigenvalues are (1, 8N+8 ,
4−N
N+8)ε so that this is unstable for N > 4.
Finding other fixed points with g2 non zero, realising a coupled theory with O(m)×O(n)
symmetry, is more involved. For n = m there is a symmetry for ϕ ↔ ψ and g1 ↔ g3. It
is easy to see by requiring βg1 − βg3 = 0 that we must take g1 = g3 or g1 + g3 = 1m+8 ε.
For the latter there are no real fixed points for m > 1. For the former we may recover
the O(N), N = 2m, fixed point or g1∗ = g3∗ = m2(m2+8) ε, g2∗ =
4−m
2(m2+8)
ε. The stability
matrix eigenvalues for this case are then
(
1, 8(m−1)
m2+8
, − (m−2)(m−4)
m2+8
)
ε, with left eigenvectors
(1,−m−4m , 1), (1, 0,−1), (1, m+2m−4 , 1) and where m = 3 is stable. The anomalous dimension
matrix has a single eigenvalue, to lowest order γφ =
m(m2−3m+8)
8(m2+8)2
ε2. This fixed point coincides
with the decoupled fixed point with O(m)×O(m) symmetry when m = 4. For m = n the
stable fixed points are then the O(2m) symmetric case for m < 2, the coupled O(m)×O(m)
fixed point for 2 < m < 4 and the decoupled one for m > 4. When n = m and g1 = g3
when there is thr symmetry under ϕ ↔ ψ the symmetry group becomes S2 n O(m)2, for
m = 1, O(1) ' Z2, this is the dihedral group D4. Under the action of this group (ϕ,ψ) form
a single irreducible representation and there is just one quadratic invariant instead of two
more generally. For the fixed points for this case
AO(2m) =
m
24
(− 1 + (m−2)2
(m+4)2
)
ε3 , AO(m)×O(m)coupled =
m
24
(− 1 + (m−2)2(m−4)2
(m2+8)2
)
ε3 ,
AO(m)×O(m)decoupled =
m
24
(− 1 + (m−4)2
(m+8)2
)
ε3 . (B.7)
For g2 6= 0 and m 6= n finding fixed points is simplified by letting x = g1/g2, y = g3/g2
and then it is sufficient to solve(
(m+ 2)x− 6 y + 4)y = m, ((n+ 2)y − 6x+ 4)x = n . (B.8)
The couplings at a g2 non zero fixed point to O(ε) are given by
g2∗ = ε
/(
4 + (m+ 2)x+ (n+ 2)y
)
, g1∗ = x g2∗, g3∗ = y g2∗ . (B.9)
54
The O(N) solution corresponds to x = y = 1. Defining
p = (m+ 2)(n+ 2)− 36 , (B.10)
then for p small there is a solution
x ≈ −4
p
(n+8)−m(n+ 2)
4(m+ 8)
− 3n
2(n+ 8)
, y ≈ −4
p
(m+8)− n(m+ 2)
4(n+ 8)
− 3m
2(m+ 8)
, (B.11)
giving
g2∗ ≈ − p
4(m+ 8)(n+ 8)
ε , g1∗ =
1
m+ 8
ε+ O(p) , g3∗ =
1
n+ 8
ε+ O(p) . (B.12)
As p→ 0 this coincides with the decoupled O(m)×O(n) fixed point. Besides x = y = 1 (B.8)
has three solutions, for m,n > 1 two are complex conjugates, one is real and matches with
(B.11) as p → 0. For m → 0, x → − 3nn−16 , y → − n−323(n−16) and similarly for m ↔ n, x ↔ y.
For m,n large x ∼ a, y ∼ 1/a where 3a3 + a2 + nm(a + 3) = 0 giving −13 > a > −3 for
0 < nm <∞ and a = −1 for n = m.
At higher orders the critical point where the decoupled and coupled theories coincide is
shifted from p = 0. Imposing the requirement that one of the eigenvalues of the stability
matrix in the decoupled theory vanishes gives
pcrit = −48 ε+ 8(1 + 3ζ3)ε2 + 72(7+6ζ3)m+n+16 ε2 , (B.13)
or in the symmetric case n = m
mcrit = 4− 4 ε+ 12(1 + 7ζ3)ε2 . (B.14)
The same condition ensures g2 = 0 in the coupled theory.
This example may be extended further by considering fields {ϕra, ψra}, r = 1, . . . , n,
a = 1, . . . ,m, N = 2mn,
d1,ijklφiφjφkφl =
∑
r
(
ϕr
2 + ψr
2
)2 − 2(m+1)N+2 (ϕ2 + ψ2)2 ,
d2,ijklφiφjφkφl =
∑
r 2ϕr
2 ψr
2 − mN+2
(
ϕ2 + ψ2
)2
, (B.15)
where ϕr
2 =
∑
a ϕra
2, ψr
2 =
∑
a ψra
2, ϕ2 =
∑
r ϕr
2, ψ2 =
∑
r ψr
2. d1,ijklφiφjφkφl is invariant
under Sn nO(2m)n and is zero when n = 1. For d2,ijklφiφjφkφl the symmetry is reduced to
S2n nO(m)2n. For m = 1 the potential is equivalent to that determined by (7.16) and for
n = 1 to (B.4) for g1 = g3. When m = n = 1 the symmetry group becomes S2 n Z22 ' D4.
The tensors in (B.15) satisfy (5.63) with
a11 =
4(m+1)(N−2m)
3(N+2)2
, a12 = a21 =
m(N−2m)
3(N+2)2
, a22 =
2m(N+2−m)
3(N+2)2
,
b11
1 = 29(N+2)
(
(m+ 4)N − 10m− 4) , b121 = b211 = (N−4)m9(N+2) , b221 = 19 m,
b11
2 = 0 , b12
2 = b21
2 = 2(N−2m)3(N+2) , b22
2 = (4−m)(N+2)−12m9(N+2) . (B.16)
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Fixed points to lowest order in ε are determined by the zeros of f1(x, y), f2(x, y) given by
(7.6) with x = g1/λ, y = g2/λ. Apart from the trivial Gaussian fixed point there are seven
solutions where
(x∗, y∗) = (0, 0) ,
3(N+2)
2(m+1)(1, 0) ,
(N+2)(N−4)
4m(n−1) (1, 0) ,
3(N+2)
m+2 (1,−1) , (N+2)(N−4)2m(2n−1) (1,−1) ,
N+2
2m
(
m,−2(m− 2)) , 3(N+2)(N−4)
2(N(m2−3m+8)+2(m2−12m+8)
(
m,−2(m− 2)) . (B.17)
For 2(m + 1)x∗ + my∗ = 3(N + 2), as in cases 2,4 and 6, the fixed points correspond to
decoupled theories unless n = 1. The eigenvalues of the stability matrix, apart from ε in
each case, are then determined from (7.12)
(κ1, κ2) = − N−4N+8(1, 1)ε , m−2m+4(1,−1)ε , − (m−2)(N−4)(m+4)N−8(2m−1)(1, 1)ε ,
m−4
m+8(1, 1)ε ,
(m−4)(N−4)
(m+8)N−16(m−1)(1,−1)ε ,
− (m−2)(m−4)
m2+8
(1, 1)ε , (m−2)(m−4)(N−4)
(m2+8)N+8(m−1)(m−8)(1,−1)ε . (B.18)
For each case
48A∗ +Nε3 =
N(N−4)2
(N+8)2
ε3 , N(m−2)
2
(m+4)2
ε3 , N(N−4)
2(m−2)2
((m+4)N−8(2m−1))2 ε
3 ,
N(m−4)2
(m+8)2
ε3 , N(N−4)
2(m−4)2
((m+8)N−16(m−1))2 ε
3 ,
N(m−2)2(m−4)2
(m2+8)2
ε3 , N(N−4)
2(m−2)2(m−4)2
((m2+8)N+8(m−1)(m−8))2 ε
3 . (B.19)
Except for the Heisenberg fixed point when N < 4 the stable fixed points for m > 4 and
2 < m < 4 represent decoupled theories. For m = 1 the results in (B.18) and (B.19) reduce
to (7.20). In general the results are identical to the discussion corresponding to (7.21) for
p = 2 where M1 = m, M2 = 2m and d1
here = d2, d2
here = d2 − d1. For n = 1 the 4th and
6th cases in (B.17), (B.18), (B.19) are identical to the fixed points obtained from (B.4) when
g1 = g3, n = m and where the two cases correspond to g2 = 0 and g2 6= 0 respectively. The
5th and 6th cases correspond to the MN model results in (5.102) and (5.103).
C Bounds for Tensor Products
The tensorial relation (5.2) necessary at lowest order for a simple two coupling renormalisable
theory in four dimensions introduces two parameters a, b. Here we demonstrate the inequality
(5.3) valid so long as dijkl are real. To this end we consider the decomposition of the rank
six tensor dijkp dlmnp into irreducible components.
A symmetric traceless tensor may be defined by
Sijklmn = d(ijk|p dlmn)p −
9 b
N + 8
δ(ij dklmn) −
3 a
N + 4
δ(ij δkl δmn) . (C.1)
Using (5.63) and (5.65) this has the norm
Sijklmn Sijklmn =
1
40
N(N + 2)a
(
(N + 2)(N − 2)(N + 14)
(N − 1)(N + 4) a+
18(N + 2)
N + 8
b2 − 9 euhu
)
.
(C.2)
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A mixed symmetry tensor corresponding to a [4, 2] Young tableaux is given by
Mijklmn = dij(k|p dlmn)p − di(kl|p dmn)jp
+
b
N − 2
(
δij dklmn − δi(k dlmn)j − δj(k dlmn)i + δ(kl dmn)ij
)
+
a
N − 1
(
δij δ(kl δmn) − δi(k δlm δn)j
)− 5
N + 4
euwu,ij(kl δmn) , (C.3)
satisfying Mijklmn = M(ij)(klmn), Mi(jklmn) = 0 and traceless on contraction of any pair of
indices. The norm is then
MijklmnMijklmn =
5
48
N(N + 2)a
(
(N + 2)
N − 2
N − 1 a−
2(N + 2)
N − 2 b
2 +
N − 16
N + 4
euhu
)
. (C.4)
From (5.66) a euhu = e
ueva′uv ≥ 0. Setting the w tensor contributions to zero positivity for
N > 2 is equivalent to (5.3). For N = 3 Mijklmn = 0 and we must take e
uhu = 0 so that
a = 4b2 then. For N < 16 the w-tensor contributions ensure a more stringent bound on
b2/a.
The 8 index tensor formed from two dijkl may also be decomposed into representations
of O(N). The mixed symmetry [4, 4] representation gives the bound a ≤ 15b2 in the absence
of w-tensor contributions when N = 4.
As an illustration of similar constraints we consider a similar discussion for a three index
symmetric traceless tensor dijk which may define a single coupling renormalisable theory in
six dimensions if at one loop order it satisfies [24, 83]
dikl djkl = α δij , α > 0 , dilm djmn dknl = β dijk . (C.5)
In this case analogous symmetric traceless and mixed symmetry tensors are formed by
Sijkl = d(ij|m dkl)m − 2αN+2 δ(ij δkl) ,
Mijkl = dijm dklm − d(i|km dj)lm + αN−1
(
δij δkl − δ(i|k δj)l
)
, (C.6)
where M(ijkl) = 0, Mijkk = Mikjk = 0. Positivity of Sijkl Sijkl, MijklMijkl gives
− N−22(N+2) α ≤ β ≤ N−2N−1 α , (C.7)
where the lower and upper bounds require Sijkl = 0 and Mijkl = 0 respectively. At two loop
order it is necessary that
dilm djnp dkrs dlnr dmps = γ dijk , (C.8)
where
Sijkl = 0 ⇒ γ = −N2−10N−162(N+2)2 α2 , Mijkl = 0 ⇒ γ = N
2−4N+5
(N−1)2 α
2 . (C.9)
Identities similar to (C.8) are required at higher order for graphs of new topology, the
coefficients may be calculated for the two limiting cases in a similar fashion [84]. Mijkl = 0
is realised by taking dijk =
∑
α ei
αej
αek
α when α = N−1N+1 , β =
N−2
N+1 . The case Sijkl = 0, with
additional assumptions, reduces to the F4 family considered in [85] where N = 5, 8, 14, 26.
Other solutions with a single tensor dijk, satisfying (C.5), (C.8) and the various higher order
extensions, are provided by the invariant symmetric tensors for SU(n), N = n2 − 1.
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D Perturbations at the Hypertetrahedral Fixed Point
We here analyse the scaling dimensions for φ4 operators at the stable fixed point obtained
by taking dijklφ
iφjφkφl to be given by (5.51) and assuming N > 5. It is convenient
to define φα = ei
αφi, ∂
α = ei
α∂i, α = 1, . . . , N + 1, with ei
α satisfying (5.50) so that∑
α φ
α =
∑
α ∂
α = 0. Using (5.56) the anomalous dimensions to O(ε) at the stable fixed
point for N ≥ 5 are determined by the eigenvalues of the operator
D = ε 13(N+3)
(
1
2 φ
2 ∂2 + (φ · ∂)2 − φ · ∂ + 12(N + 1)
∑
α φ
αφα ∂α∂α
)
. (D.1)
Under the action of the symmetry group SN+1 φ4 operators can be decomposed into
tensors V αβγδ, V αβγ , V αβ , α 6= β 6= γ 6= δ, where ∑α V αβγδ = ∑α V αβγ = ∑α V αβ = 0 for
each index, forming irreducible representations under permutations of the indices.[86] The
possible representations are described by Young tableaux with Q = N + 1 boxes labelled
by [n1, n2, . . . , nr], n1 ≥ n2 ≥ · · · ≥ nr > 0. Besides φ2 =
∑
α φ
αφα two SN+1 singlets are
relevant
φ3 =
∑
α φ
αφαφα , φ4 =
∑
α φ
αφαφαφα . (D.2)
We first define for the [Q− 4, 4] tableaux
V αβγδ = φαφβφγφδ + 1N−5 P12 φαφαφβφγ
+ 1(N−4)(N−5)
(
2P6 φαφαφβφβ + 2P12 φαφαφαφβ − φ2 P6 φαφβ
)
+ 1(N−3)(N−4)(N−5)
(
6P4 φαφαφαφα − 3φ2 P4 φαφα − 2φ3 P4 φα
)
+ 3(N−2)(N−3)(N−4)(N−5)
(
φ2φ2 − 2φ4) , dim 124(N + 1)N(N − 1)(N − 6) ,
(D.3)
where Pn denotes a sum over the n permutations of α, β, γ, δ necessary for overall symmetry
of the relevant term. This satisfies
D V αβγδ = ε 4N+3 V αβγδ . (D.4)
For the three index case there is a symmetric three index tensor corresponding to [Q− 3, 3]
V αβγS = P3 φαφαφβφγ
+ 1N−3
(
2P3 φαφαφβφβ + 2P6 φαφαφαφβ − φ2 P3 φαφβ
)
+ 1(N−2)(N−3)
(
6P3 φαφαφαφα − 3φ2 P3 φαφα − 2φ3 P3 φα
)
+ 3(N−1)(N−2)(N−3)
(
(φ2)2 − 2φ4) , dim 16(N + 1)N(N − 4) , (D.5)
where Pn now symmetrises over α, β, γ, and
D V αβγS = ε N+73(N+3) V αβγS . (D.6)
Note (N − 5)V αβγδ|N→5 = (V αβγS + V βγδS + V αβδS + V αγδS )|N=5. In addition there are mixed
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symmetry tensors
(
V αβγM , V
αγβ
M
)
, corresponding to [Q− 3, 2, 1] determined by
V αβγM =
(
φαφαφβ − φαφβφβ)φγ
+ 1N
((
φαφα − φβφβ)φγφγ + φ2(φα − φβ)φγ)+ 1N−2(φαφαφαφβ − φαφβφβφβ)
+ 1N(N−2)
((
φαφαφα − φβφβφβ)φγ − (N − 1)(φα − φβ)φγφγφγ + φ3(φα − φβ)) ,
(D.7)
with an overall dimension 13(N + 1)(N − 1)(N − 3) and
D V αβγM = ε N+133(N+3) V αβγM . (D.8)
In the symmetric two index case for tableaux [Q− 2, 2]
V αβ1 = φ
αφαφαφβ + φαφβφβφβ
+ 1N−1
(
2
(
φαφαφαφα + φβφβφβφβ
)− φ3(φα + φβ))− 2N(N−1) φ4 ,
V αβ2 = φ
αφαφβφβ
+ 1N−1
(
φαφαφαφα + φβφβφβφβ − φ2(φαφα + φβφβ))+ 1N(N−1)((φ2)2 − φ4) ,
V αβ3 = φ
2φαφβ + 1N−1 φ
2
(
φαφα + φβφβ
)− 1N(N−1) (φ2)2 , (D.9)
where each have dimension 12(N + 1)(N − 2), and for [Q− 2, 1, 1] there is an antisymmetric
two index tensor
V αβA = φ
αφαφαφβ − φαφβφβφβ + 1N+1 φ3
(
φα − φβ) , dim 12N(N − 1) . (D.10)
For these
D
V
αβ
1
V αβ2
V αβ3
 = ε 1
3(N + 3)
3(N + 3) −6 6−4 2(N + 5) 0
2(N + 1) 0 2(N + 8)

V
αβ
1
V αβ2
V αβ3
 ,
D V αβA = ε V αβA . (D.11)
In addition for [Q− 1, 1] there are three single index vectors
Uα1 = φ
αφαφαφα − 1N+1 φ4 , Uα2 = φ2 φαφα − 1N+1 (φ2)2 , Uα3 = φ3 φα ,
D
Uα1Uα2
Uα3
 = ε 1
3(N + 3)
6(N + 1) 6 04(N + 1) 3(N + 5) −4
3(N + 1) 0 3(N + 3)
Uα1Uα2
Uα3
 , (D.12)
where Uα1 , U
α
2 , U
α
3 each have dimension N , and there are also two singlets corresponding to
[Q]
D
(
φ4
(φ2)2
)
= ε
1
3(N + 3)
(
6(N + 1) 6
4(N + 1) 4(N + 4)
)(
φ4
(φ2)2
)
. (D.13)
The dimensions of the representations listed above add up to 124N(N + 1)(N + 2)(N + 3) as
expected.
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For each perturbation then for κ = ∆ − d to lowest order κ/ε is given for each case
in turn by −N−1N+3 , −2(N+1)3(N+3) , −2(N−2)3(N+3) , − N+53(N+3) , 16(N+3)(13 − N ±
√
N2 + 22N + 25), 0,
− 2N+3 , 16(N+3)(3N + 9±
√
9N2 + 6N + 33) and 1, N−53(N+3) .
Similar discussions can be extended to other scalar operators which involve no derivatives
and whose anomalous dimensions are determined by the action of the differential operator
D in (D.1). For operators quadratic in φ the decomposition into irreducible representations
gives
V αβ = φαφβ + 1N−1 P2 φαφα − 1N(N−1) φ2 , α 6= β , dim 12(N + 1)(N − 2) ,
V α = φαφα − 1N+1 φ2 , dim N , φ2 , dim 1 , (D.14)
where
D V αβ = ε 23(N+3) V αβ , D V α = ε N+13(N+3) V α , D φ2 = ε 2(N+1)3(N+3) φ2 . (D.15)
For cubic operators the corresponding decomposition is
V αβγ = φαφβφγ + 1N−1 P6 φαφαφβ + 2N(N−1) P3 φαφαφα − 1N(N−1) P3 φ2φα
− 2(N+1)N(N−1) φ3 , α 6= β 6= γ , dim 16(N + 1)N(N − 4) ,
VS
αβ = P2 φαφαφβ + 2N−1 P2 φαφαφα 1N−1 P2 φ2φα − 2N(N−1) φ3 , α 6= β , dim 12(N + 1)(N − 2) ,
VA
αβ = φαφβφβ − φαφαφβ − 1N+1 φ2(φα − φβ) , α 6= β , dim 12N(N − 1) ,
V1
α = φαφαφα − 1N+1 φ3 , V2α = φ2φα , dim N , φ3 , dim 1 , (D.16)
where
D V αβγ = ε 2N+3 V αβγ , D VSαβ = ε 13 VSαβ , D VAαβ = N+73(N+3) VAαβ ,
D
(
V1
α
V2
α
)
= ε
1
3(N + 3)
(
3(N + 1) 3
2(N + 1) 2(N + 4)
)(
V1
α
V2
α
)
, D φ3 = ε N+1N+3 φ3 . (D.17)
The eigenvalues of the matrix here are 2(N + 1), 3(N + 3).
E CT for Scalar Theories
For a CFT obtained at an RG fixed point a crucial observable is CT , the coefficient of
the energy momentum tensor two point function. In even dimensions this is related to
particular contributions to the anomaly under Weyl recalling of the metric for a curved space
background. For interacting theories the leading contributions to the anomaly have been
calculated in both four and six dimensions as well as CT directly in both cases. Higher order
terms in the perturbation expansion have not so far been determined. Here we consider
some constraints obtained by matching the perturbation expansion with O(N) results for
large N in any dimension. A similar argument is described in [87].
In four dimensions for a potential as in (3.1) then the general form for CT to four loops
is given by, after rescaling the coupling λijkl → 16pi2 λijkl, has the form
CT
CT,scalar
= N − 536 λijklλijkl + αλijklλklmnλmnij , (E.1)
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where CT,scalar is the result for a single free scalar and the four loop coefficient α has not
been obtained directly. For the O(N) symmetric theory given by (5.1) with g = 0, so that
λijkl = λ(δijδkl + δikδjl + δilδjk), then (E.1) becomes
CT
CT,scalar
= N
(
1− 512(N + 2)λ2 + α(N + 2)(N + 8)λ3
)
. (E.2)
At the fixed point in 4− ε dimensions to O(ε2), which follows from βλ in (5.10) and (5.26).
λ∗ =
1
N + 8
ε+ 3
3N + 14
(N + 8)3
ε2 , (E.3)
which gives
CT
CT,scalar
= N
(
1− 5
12
N + 2
(N + 8)2
ε2 − 5
2
(N + 2)(3N + 14)
(N + 8)4
ε3 + α
N + 2
(N + 8)2
ε3
)
. (E.4)
The leading O(N0) contributions for large N in [88, 89, 90] CT /CT,scalar = N − 512ε2 − 736ε3,
determine
α = − 7
36
. (E.5)
The result for N = 1 then gives
CT
CT,scalar
= 1− 5
324
ε2 − 233
81× 108 ε
3 , (E.6)
in accord with [91, 92]. In an ancillary file we include results for the central charge for the
theories of section 5.
A similar approach may be adopted in six dimensions. In this case a renormalisable
scalar theory, for N component φi, with interaction 16 λijkφiφjφk the general form for CT to
three loops in perturbation theory is given by, after rescaling λijk → (4pi) 32 λijk,
CT
CT,scalar
= N − 772 λijkλijk + αλijkλilmλjlnλkmn + β λijkλijlλmnkλmnl , (E.7)
where two three loop contributions are possible. For the O(N) model with potential as in (4.1)
with h = 0 φi → (σ, ϕi), N = N + 1 and the coupling is determined by λ000 = λ, λij0 = g δij .
This gives
CT
CT,scalar
= N + 1− 772 (3Ng2 + λ2)
+ α
(
Ng3(3g + 4λ) + λ4
)
+ β
(
(Ng2 + λ2)2 + 4Ng4
)
. (E.8)
This theory has a fixed point for large N with g∗2 ≈ 6N (1 + 44N − 1553N ε)ε and λ∗2 ≈ 6
3
N ε. In
the large N limit to leading order in 1/N corrections
CT
CT,scalar
= N + 1− 74 ε+ 23288 ε2 + O(ε3) . (E.9)
This would require 64β = 238 but α is undetermined.
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